
Proceedings of the Seventh

PIMS-IMA Industrial
Problem Solving Workshop

PIMS-IMA IPSW 7

Co-sponsored by:

The Natural Science and
Engineering Research Council
of Canada,

The Alber ta Science and
Research Authority ,

and

The US National Science Foundation

Editor: C. Sean Bohun, Pennsylvania State University





Proceedingsof theSeventhAnnualPIMS-IMA

IndustrialProblemSolvingWorkshop

Editor: C. SeanBohun,PennsylvaniaStateUniversity

Co-sponsoredby:

TheNaturalSciencesandEngineeringResearchCouncilof Canada

TheAlbertaScienceandResearchAuthority

TheUS NationalScienceFoundation

June,2003





i

Foreword by the PIMS Dir ector

TheSeventhAnnualPIMS-IMA IndustrialProblemSolvingWorkshopwashostedby thePIMSat the
Universityof Calgaryin Vancouver, May 25–29,2003.Thisyearit wasco-sponsoredby theInstitute
for Mathematicsandits Applications(IMA).

Approximately55participantsworkedintenselyonsevenproblemsposedby industrialcompanies
from acrossNorth America.

The problemswereprovided by Lalitha Venkataramanan(Schlumberger), VeenaB. Mendiratta
(Lucent), Bruce McGee(McMillan-McGee Corp.), JohnR. Hoffman (Lockheed-Martin),Edward
Keyes(Orisar),CarlosTolmasky (Cargill), andWei Lu (Manifold DataMining).

PIMS looksforwardto theEighthIndustrialProblemSolvingWorkshopwhich will beheldat the
Universityof British Columbianext year.

Thankyou to SeanBohunfrom PennStateUniversitywho editedtheseproceedings.I would also
like extendmy thanksto theorganizingcommitteeRachelKuske (UBC), Fadil Santosa(IMA), Jack
Macki (U. Alberta), Chris Bose(U. Victoria), HuaxiongHuang(York U.), Ian Frigaard(UBC) and
Tony Ware(U. Calgary).

Dr. NassifGhoussoub,Director
Pacific Institutefor theMathematicalSciences
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1

Preface

TheUniversityof Calgarywasthesiteof theseventhannualPIMS IndustrialProblemSolvingWork-
shop(IPSW).Hostedfrom May 25throughMay 29,2003,thisparticularworkshopwasco-sponsored
by theInstitutefor Mathematicsandits Applications(IMA) andsaw thebringingtogetherof some55
participantsfrom acrossNorth AmericaandEurope.

Many first time participantsto theseworkshopsaresurprisedby the intensityof thework. Based
on the Oxford StudyGroupModel, the morningof the first day consistsof the initial problempre-
sentationsandthe beginningof focusseddiscussions.Work continuesthroughoutthe next few days
culminatingin a summarypresentationon themorningof thefifth day. Thesepresentationsform the
basisof theproceedingsandbeingoneof theprincipalauthorsmyself,I canappreciatetheamountof
extrawork requiredto convert theworkshoppresentationmaterialinto afinal technicalreport.I would
like to personallythanktheotherelevenauthorsfor theirdedicationandpromptresponsesothatthese
proceedingscouldappearin a timely fashion.Theseindividualswere:r ChristopherBose:TheSchlumbergerDoll ResearchNMR InversionProblem;r Nilima Nigam:LucentTechnologiesWarrantyCostProblem;r HuaxiongHuang,SergueiLapin & Rex Westbrook:TheMcMillan-McGeeThermalRemedia-

tion Problem;r ChristainKetelsen,Alfonso Limon, Yuriy Mileyko & KerianneYewchuk: LockheedMartin’s
Multiple TrackingProblem;r Fadil Santosa:TheOrisarShortLocalizationProblem;r SeungYounLee: TheCargill ForwardRateCorrelationProblem.

To ensurethesmoothandefficientoperationof theworkshop,many individualsareneededbehind
thescenes.I would like to begin by thankingtheorganizingcommittee:RachelKuske (Universityof
British Columbia),Fadil Santosa(IMA), JackMacki (Universityof Alberta),ChrisBose(University
of Victoria), HuaxiongHuang(York University), Ian Frigaard(University of British Columbia)and
Tony Ware(Universityof Calgary),withoutwhoseeffortsthiseventwouldnothavebeenpossible.It is
apleasureto mentionthesupportreceivedfrom NSERCof Canada,theAlbertaScienceandResearch
Authority andtheNSF.

Two otheressentialingredientsfor thesuccessof theworkshopweretheindustrialrepresentatives
andthe industrialexperts. While the representativesarecertainlyan assetandprovide a grounding
for eachof theproblems,it is theindustrialexpertsthatareresponsiblefor eachof thegroupsmoving
alongproductive lines.For this yeartheindustrialexpertswere:r RitaAggarwala,Universityof Calgary;r C. SeanBohun,PennStateUniversity;r HuaxiongHuang,York University;r MikeKouritzin,Universityof Alberta;
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r JackMacki, Universityof Alberta;r Nilima Nigam,McGill University;r RobertPich́e,TampereUniversityof Technology, Finland;r JuanRestrepo,Universityof Arizona;r Fadil Santosa,IMA/Uni versityof Minnesota;r Rex Westbrook,Universityof Calgary.

A specialthanksgoesto theindustrialcontributorsandtheir representativeswho included:r JohnR. Hoffman,LockHeed-Martin;r EdwardKeyes,OrisarInc.;r Wei Lu, Manifold DataMining;r BruceMcGee,McMillan-McGeeCorp.;r VeenaB. Mendiratta,LucentTechnologies;r CarlosTolmasky, Cargill Inc.r LalithaVenkatararnanan,SchlumbergerDoll Research;

Onapersonalnote,I haveattendedall but oneof theIPSWworkshops.My first asaPhD.student,
then as an invited participant,more recentlyas an academicexpert, and now whereI find myself
editing thesecurrentproceedings.It is a testamentto quality of theseworkshopsandthe individuals
involvedthatsomany of my colleaguesreturnyearafteryear. At theendof this monographthereis a
listing of theworkshopparticipantsandthevariousinstitutionswherethey canbefoundandI would
like to take this opportunityto apologizefor any mistakesor omissionstherein.

In closing I would like to thank Marian Miles at the University of Calgarywho dealt with the
inevitabledayto dayadministrativeminutiaeassociatedwith any eventof this nature.

C. SeanBohun,Editor,
Departmentof Mathematics,
PennStateUniversity
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Pimslips

When peopleare working intensely, they sometimessay things that, in retrospect,are amusingor
downrighthilarious.Herearesomefrom IPSW7:

r [Referringto unitsof pressure]“1 atm,is s approximatelys equalto 101.325kPa.”r “While true,theequation0=0 isn’t veryuseful.”r “I can’t believe it tookushalf anhourto show thatthetimederivativeof positionis velocity.”r “We just have to changeacoupleof things.” [Meaningtheentireproject.]r “It takestwo daysto geteightseconds.”r “It’ sWednesday, we don’t havea model,we will neverhaveamodel,andI don’t care.”r ”You donothesitateto takeondifficult problems.” [Fortunecookieat dinner.]r “There’s a talk by aworld-renownedspeaker today—but I can’t rememberhisname.”r “I needs lesss support.”r “So how many numberss ares therebetween5 and9?”r “The only shortswe foundsofararetheonespeoplewear.”r “Weneedtherhos	�	�	 ”
“You meanthecolumns!”
“No, I meantherhos!”r “Wehave to removeartifactslikecurvedpolygons.”
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Chapter 1

Inversionof 2D NMR Data

ChristopherBose1, ZhenluCui2, XinghuaDeng3, Ying Han4, QingguoLi 5, RobertPich́e6,
LalithaVenkataramanan7, QianWang3, Lin Zhou8

Reportpreparedby ChristopherBose(cbose@math.uvic.ca )

1.1 Intr oduction

Schlumberger Limited is a multinationalcompany supplyingoilfield and information servicesto a
worldwide energy market. Theseservicesinclude both exploration and productiontools ranging
throughseismicandremotesensing,well-loggingandreservoir optimization.Theproblemdescribed
in this reportis relatedto well-loggingvia NuclearMagneticResonance(NMR), a relatively new and
developingtool with potentialto reveala rangeof reservoir propertiesincludingporosityandsatura-
tion, aswell asphysicalpropertiesof thepetroleumdeposit.

In orderto recover this informationfrom NMR spectrathecompany musthave aneffective, effi-
cientandrobustalgorithmto performinversionfrom thedatasetto theunknown probabilitydistribu-
tion on magneticrelaxationtimes.This ill-posedproblemis encounteredin diverseareasof magnetic
imagingandtheredoesnotappearto bean‘off-the-shelf’ solutionwhichthecompany canapplyto its
problem.Company scientistshavedevelopeda sophisticatedalgorithmwhich performswell on some
simpletestdatasets,but they areinterestedin knowing if therearesimplerapproacheswhich could
work effectively, or if somelimited but usefulpropertiesof the densityareaccessiblewith a totally
differentapproach.

Our reportis organisedasfollows. In Section1.2wepresentacarefulandcompletedescriptionof
theproblemandthework alreadydoneby thecompany. In Section1.3wediscussTruncatedSingular
ValueRegularisationandTikhonov Regularisationandshow how some‘off-the-shelf’ Matlab code

1Universityof Victoria
2FloridaStateUniversity
3Universityof Alberta
4McGill University
5SimonFraserUniversity
6TampereUniversityof Technology, Finland
7SchlumbergerDoll Research
8New Jersey Instituteof Technology

5
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may be usedto goodeffect on the testdatasetsprovided by the company. In Section1.4 we show
thatonecanincorporatehigherorderregularisationinto thecompany’sexisting algorithm,answering
onespecificquestionraisedat thebeginningof the workshop.Finally, in Section1.5 we recordour
unsuccessfulattemptto establishaniterativealgorithmfor thepositivelyconstrainedinversion.Finally
in thelastsectionwe review ourconclusionsandmakesuggestionsfor futurework.

1.2 ProblemDescription

Schlumberger is interestedin usingNuclearMagneticResonance(NMR) analysisfor explorationin
the oil andgasindustry. The modelproblempresentedto our groupat the workshopinvolved the
recovery of a two-dimensionalprobability distribution t[�&@H��AO� on magneticfield relaxationtimesin
two directions,@ , theso-calledlongitudinalrelaxationtime and A thetransverserelaxationtime. The
datacollectedis known to be a convolved imageof the relaxationtime distribution accordingto the
following formula

u �Gv � ��v����w� �5D[Ix^Ry�z
{5|~}"�_��y�z
{���}"��t[�G@H��AZ� u @ u AZ	 (1.1)

Other typesof datacan be collected,involving different convolution kernels,but the forward
model,in any caseis in theform of a 2-D Fredholm Integral of the First Kind . Sincethetransfor-
mationinvolvesa smoothkernel,it is well known thatthecorrespondinginverseproblemis ill-posed
[5, p.2]. Nonethe less,it is importantfor thecompany’s programto provide somesortof stableand
computationallytractableinversionscheme.

The continuousforward model (1.1) is mainly of theoreticalinterestsince in practice,data is
collectedat discretevaluesin the v � v�� -domain.Therefore,for therestof this analysiswe will assume
thedatafunction

u
is replacedby a datamatrix � of dimensionBK����B � . Convolution kernelsare

similarly discretizedasmatrices� � and ��� with dimensionsB � �Y� � andBK���+�Z� respectively anda
discreteform of theequation(1.1) is rewrittenas

�������$���N�� 	 (1.2)

Thediscretedensity � is now an ������� � matrix. � � and ��� are(generally)rank-deficientwith
infinite conditionnumberandsingularvaluesdecayingquickly to zero.So,asexpected,theill-posed
problemleadsto anill-conditionedfinite-dimensionalinversion(1.2).

Threesetsof testdatawereprovidedto our groupfor useduringtheworkshop.Distribution files� wereof size ������� � ��DF�
�+�\D3�
� . Kerneldiscretisationled to � � and ��� of size �
�+�\DF�_� andd
�
�_����DF�_� respectively. Therearereasonablegroundsfor theasymmetricchoicein thediscretisation
grid here. For testinversionproblemswe replacethedata � computedfrom equation(1.2) by ������L�VX��������� �� L8V whereV is mean-zeroGaussiannoise.Theobjectis to recover � . Thechoice
of signalto noiseratio for thevarioustestfileswill bediscussedlaterin thenumericalresultssection.

Supposefor themomentwe take a completelynaive point of view andconvert our problemto a
standardone-dimensionalleastsquaresapproximation

vec����M�[���
�5�W���� ¡ ¢ ��t£I vec�;��¤� ¢ � (1.3)
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wherevec��¥�� representstheoperatormakingavectorfrom amatrixby stackingcolumns,�¦�§� �©¨ ���
is theKroneckerproductof theconvolutionkernelsand tN� vec�g��� . Since� is huge(B � BK�ª�«� � �Z���DF^
�
���
�
�£�\DF�R�F�
�
� ) anddense,we mayhave difficulty fitting it into theRAM memoryof a PCeven
if we ignore the computationalcomplexity of the positivity constraint t¬ � and ill-posed nature
of the high dimensioninversion! For example,in [3] a similar problemarisingin medicalimaging
wasanalysedusinga CRAY supercomputer. Therefore,we concludethat a numericallyreasonable
approachof thetyperequiredby thecompany shouldtry to work directlywith thefactoredform (1.2).
This observationwasknown to thecompany scientists.For this reason,mostof our analysiswill be
centredon thefactoredproblemof thetype

��§���
���w���� ®;¯_° ¢ ������� �� I �� ¢ �Fro (1.4)

where ¢ ¥ ¢�±(²´³ denotestheFrobeniusmatrixnorm.
Theproblemproposor(L.V.) describedathreestepapproachto thetheoptimisationin (1.4)which

thecompany hasfoundto beeffectiveonthetestdatasets.First,theproblemdimensionis significantly
reducedby projection. The rangeof this projectionis relatedto the singularvaluedecomposition
(SVD) truncationof theconvolutionmatrices.Next, theill-conditioned(but lower-dimension)problem
is regularisedasapositively constrainedTikhonov optimisationin unfactoredform

vec����µ�W�§�
���«���� ¡ ¢ ��t�I vec����+� ¢ � Lx¶ � ¢ t ¢ � (1.5)

where ¶ is theregularisationparameter. Finally, this constrainedproblemis solvedby themethodin
Butler, ReedsandDawson[1] (BRD) which transformsto anunconstrainedoptimisationwith respect
to a derivedobjective function.Details,includingmethodsto choosetheregularisationparameterand
performanceon thetestproblemsmaybefoundin [10].

With this backgroundin placeour groupwasaskedto considerthreelinesof investigation.
First,arethereothernumericallytractable(andpossiblysimpler)approachesto theinversionprob-

lem(1.2)?In thenext section,wedescribethreeanswersto thisquestion.Firstweconsiderusingtrun-
catedsingularvaluedecomposition(TSVD) andTikhonov regularisationon the factoredform (1.4),
greatlyreducingthecomputationalandalgorithmiccomplexity of previousmethods.Performanceon
thetestdatasetsis presented.Wealsoconsiderbriefly adirectGalerkin-typeapproach.

Next, we wereaskedconsiderthepossibilityof extendingtheBRD-methoddescribedby thepro-
posorto higher-orderTikhonov regularization.In particular, canwereplacetheproblem(1.5)with

��\�§�
���«���� ®;¯_° ¢ ������� �� I �� ¢ �Fro Lx¶ � � ¢�· � ¢ �Fro L ¢ � · � ¢ �Fro� (1.6)

where · invokes the discretefirst derivatives on the squarematrix � ? We presentmixed results
for this secondquestionin that we can transformthe problem(1.6) into a standardproblemof the
type (1.5), to which the BRD methodcansubsequentlybe applied,but we cannotarrangethat the
transformedproblemhasthedesirableKroneckerproductstructure.In aslightly differentdirectionwe
considerif thecompany’s ideafor aniterativealgorithmcanbeadaptedto higher-orderregularisation.
Unfortunatelythe sameproblemswhich led to the useof the BRD methodappearto confoundthis
approachaswell.
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Finally, thecompany scientistsbelieve that it maynot benecessaryto obtaincompleteinversion
of theproblembut thatsomemacroscopicinformationaboutthedistributionof relaxationtimes(mo-
mentsor �G@ � ��@¸��� -correlationsfor example)maybesufficient. While this questionmaybeamenable
to aGalerkinapproach,without prior informationabouta restrictedclassof possibledistributionsour
groupsaw no tractableway to makeprogressin this directionduringtheweekof theworkshop.

1.3 TSVD and Tikhonov Regularisation

The Theory

Let usfirst setupaunifiedframework for thesetwo well known regularisationmethodsin non-factored
problems.Considerthediscretelinearsystem

��tN� u (1.7)

where � is B¹�º� . Let ���¼»µk¾½ � bea SVD where k is B¹�º� diagonal,» is B¹�ºB orthogonal,
and ½ is �<�¿� orthogonal.TheTikhonov andTSVD regularisedsolutionsof (1.7)are

t ²~ÀgÁ ��½ÃÂ��gkW���5»�� u (1.8)

where
Tikhonov TSVD

ÂJ�gÄZ�W� ÄÄ � Lx¶ � � Â���ÄZ�W� D�]
Ä if ÅTÄ[Å_Æ§¶� otherwise

is appliedelementwise.Thenonnegative regularisationparameter¶ affectstheamountof smoothing
of the regularisedsolution. Its valuecanbe selectedby minimising the generalisedcrossvalidation
(GCV) function Ç

�g¶ª�[� ¢ ��t ²~ÀÈÁ I u ¢É ���
Ê�ËÌ�g»µk¾ÂJ�gk � �5» � IxÍR�
� � ¢�ÎJÏ ��» � u � ¢Ð5Ñ �Ò� Î �

�
wherethe vector norm is Euclidean, Ï is the Hadamardproduct(elementwisemultiplication), andÎ �§ÓÔ�~�
�ª�Èk¾ÂJ�Èk � ���;IÕD .

Now rememberthatthecoefficientmatrix in (1.7)hastheKroneckerproductstructure

�¦�§� �;¨ ���
where� � is B � �Ö� � and ��� is BK�J�Ö��� with B � BK�Ö¬×� � ��� . As wehaveobserved,thekey to effective
algorithmsis to rewrite formulaein waysthatavoid explicitly forming theKronecker productof full
matrices.

Let �Ø�Ù�5Ë Ð5Ú �
ÛªË(Ü �ÞÝ Ü | PQtZS and �/�Ù�5Ë Ð5Ú �_ÛOË(ß �"Ý ß | P u S . Thenthelinearsystem(1.7) is obtainedby
applyingthevecoperatorto bothsidesof thematrixequation

�������N�� �X� (1.9)

This equationdoesnot involve the Kronecker product. Similar techniquescanbe usedto eliminate
expensiveKroneckerproductsfrom theregularisationformulae,asfollows.
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Let � � ��» � k � ½ �� and ������»;��k[��½ �� beSVDs.Then ��» �Z¨ »��$�$�Èk �Z¨ k[�$�$�g½ �ª¨ ½Ì��� � is anSVD
of � [7, Thm4.2.15].Theformula(1.8) for theregularisedsolutioncanthereforebewritten

� ²´ÀÈÁ � �5Ë Ð�Ú �
ÛªË(Ü �àÝ Ü | PQt ²~ÀgÁ S� �5Ë Ð�Ú �
ÛªË(Ü �àÝ Ü | P���½ ��¨ ½1���5ÂJ�Èk � � ¨ k �� ����» �H¨ »���� � u S� ½1�w¥
�5Ë Ð5Ú �_ÛOË Ü �ÞÝ Ü | PTÂ��gk � � ¨ k �� �gáâËFÊ1��» �� �Y» � �5S
¥R½ �� 	 (1.10)

TheKronecker productformationandmultiplicationin (1.10)only involvesdiagonalmatrices,sothe
formulacanbeimplementedefficiently with appropriatedatastructures.Furthersavingsarepossible
by usingthe“economysize”versionof theSVD of ��� whenBK�ãÆ��Z� .

Similarly, theformulafor theGCV functioncanbewritten

Ç
��¶¸�W� ¢�ä×Ï �g» �� �Y» � � ¢�±(²´³Ð5Ñ �Ò� ä �

�

whereä �§��Ë Ð5Ú �
ÛOË�ß �"Ý ß | PQÓÔ�~�
�ª���gk �Ô¨ k[�$��Â��gk � � ¨ k �� �5�5SFI�D . Hereagaintheonly Kroneckerproducts
areof diagonalmatrices.

Numerical Results

Theproblemproposerprovided � � (of size �
�+�§D3�
� ), ��� (of size d
�_�
�¤�§DF�_� ), andthreedifferentDF�
�µ��DF�
�Ö� matrices.Measurementdatawasgeneratedby addingzeromeanpseudorandomnoiseV
to ������� �� ; thenoisevariancewassetsothat ¢ V ¢�±(²´³ �§�R	G�
U ¢ ���$��� �� ¢�±(²´³ .

Eachof the following regularisations(including SVD andGCV curve computations)took about
12 secondsto computein Matlab5.2 on a 30 MB memorypartitionof a 400MHz Powerbook.The
GCV minimisationappearsto selectreasonableregularisationparameters,andTikhonov andTSVD
regularisationgiveaboutthesameresultsfor all threemodels.ThedataandMatlabcodeareavailable
at http://alpha.cc.tut.fi/˜piche /ips w2003/



10 CHAPTER1. INVERSION OF2D NMR DATA

0 50 100
0

20

40

60

80

100
F

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0
10

20
30

0

2000

4000
-2

0

2

Data

10
0

10
-9

10
-8

10
-7

λ

G
Tikh

minimum GCV at λ =1.2906

0 50 100
0

20

40

60

80

100

F
Tikh

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

modelA, Tikhonov regularisation



1.3. TSVD AND TIKHONOV REGULARISATION 11

0 50 100
0

20

40

60

80

100
F

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0
10

20
30

0

2000

4000
-2

0

2

Data

10
0

10
-9

10
-8

10
-7

λ

G
tsvd

minimum GCV at λ =1.9375

0 50 100
0

20

40

60

80

100

F
tsvd

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

modelA, TSVD regularisation



12 CHAPTER1. INVERSION OF2D NMR DATA

0 50 100
0

20

40

60

80

100
F

-5

0

5

x 10
-3

0
10

20
30

0

2000

4000
-2

0

2

Data

10
0

10
-9

10
-8

10
-7

λ

G
Tikh

minimum GCV at λ =3.022

0 50 100
0

20

40

60

80

100

F
Tikh

-5

0

5

x 10
-3

modelB, Tikhonov regularisation



1.3. TSVD AND TIKHONOV REGULARISATION 13

0 50 100
0

20

40

60

80

100
F

-5

0

5

x 10
-3

0
10

20
30

0

2000

4000
-2

0

2

Data

10
0

10
-9

10
-8

10
-7

λ

G
tsvd

minimum GCV at λ =3.3163

0 50 100
0

20

40

60

80

100

F
tsvd

-5

0

5

x 10
-3

modelB, TSVD regularisation



14 CHAPTER1. INVERSION OF2D NMR DATA

0 50 100
0

20

40

60

80

100
F

-4

-2

0

2

4

x 10
-3

0
10

20
30

0

2000

4000
-2

0

2

Data

10
0

10
-8

10
-7

λ

G
Tikh

minimum GCV at λ =4.5564

0 50 100
0

20

40

60

80

100

F
Tikh

-4

-2

0

2

4

x 10
-3

modelC, Tikhonov regularisation



1.3. TSVD AND TIKHONOV REGULARISATION 15

0 50 100
0

20

40

60

80

100
F

-4

-2

0

2

4

x 10
-3

0
10

20
30

0

2000

4000
-2

0

2

Data

10
0

10
-8

10
-7

λ

G
tsvd

minimum GCV at λ =5.3422

0 50 100
0

20

40

60

80

100

F
tsvd

-4

-2

0

2

4

x 10
-3

modelC, TSVD regularisation



16 CHAPTER1. INVERSION OF2D NMR DATA

ParameterisedMethods

Our groupbriefly consideredthe possibility of usinga Galerkinapproachto the inversionproblem
(1.1). Thus,wemake theansatz t[�&@H��AO�J� � t[�&@H��A���å¾�g� (1.11)

wherethe t[�&@H��A���å¾�g� area finite setof parameterisedbasisfunctionswith parametervalueså¾� .
We remarkthat this approachreducesto the analysisof the previous paragraphsby the choice

of the basisfunctionsas ‘delta functions’ tJ��¥´���Z�"p©�æ� �O��p©ç�è&@ª�Þ��ARp��$�g¥~� centredon the points of the
discretisationlatticeandtheoptimalparameterselectionis thematrix �� of thepreviousanalysis.As
we have discoveredthis is a high-dimensional,ill-posedand(becauseof the positivity requirement)
nonlinearproblem. Our questionthen is this: Can a judicious choiceof basisfunctionslead to a
significantlysmallerparameterspace(insteadof the10,000- dimensionalspacealreadyencountered)?
Of coursetheill-posednatureof theproblemmustreappearin theGalerkinmethodasthenumberof
basisfunctionsincreases,nomatterhow cleverly thisbasisis chosen.

Thefollowing area few examplesfor thebasisfunctionswhich seemwell-suitedto thetestprob-
lemsgivento thegroup.

1. Gaussianfunctions(å���é�@ ° ��A ° ��ÄÔ��ê�ë )
ì �G@H��AZ�J� Dí ^�îWÄ y�ï
ð$ñ�ð�ñòï

whereóô���&@YI<@ ° ��A£IæA ° � � .

2. Box functionswith centreat �&@ ° ��A ° � , anddimensionof its baseare ^
õ and ^Rö andheight D�]_d
õ1ö .
3. Pyramidfunctionswith centreat �G@ ° ��A ° � , andsquarebasedimensionof ^Rõ and ^Rö andheight�R]÷dRõÌö .
For example,whenusinga basisconsistingof onebox function(åj�Õé Î ��@ ° ��A ° ��õÌ��ö©ë ) to approxi-

mate t[�&@H��AO� theFredholmintegralbecomes

�µø¾�Gv � ��vF�$�ù� ÎdRõÌö ��ú�û
ü
��úýz
ü

��úýû m
��ú�z m ��DWIx^
y�z
{�|G}"�
�$��y�z
{���}"�$�

u A u @
� ÎdRõÌö ��ú�û
ü

� ú z
ü ��DWIx^
y z
{�|~}"� �
u @ ��úýû m

� ú z m y z
{���}"�
u AZ	 (1.12)

Thereis noclosedform solutionto this integral,whichcanonly besolvednumerically.
Basedon this simpleparameterization,theproblemof approximatingt[�&@H��AO� is transformedasa

nonlinearoptimizationproblemstatedasfollows:
For given v �ÿþ PQ�R��� � S~��vF� þ PQ�R���Z��S anddata ����&v � ��v��$� , theobjective is to find å/�Ùé Î ��@ ° ��A ° ��õÌ��ö©ë ,Î ¬�� suchthat ��§���_�5�W���~ ¡ è ��� ��� ø�� ¢ �µøºI �� ¢ �±(²´³ 	
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Unfortunately, dueto time constraintswe wereunableto conductnumericaltestson this optimisation
problemduringtheweekof theworkshop.

We notethat even thoughthis overly simplified approachhasno hopeof establishingfine struc-
tureof theunderlyingdensity, it would beinterestingto seeif macroscopicpropertiesdesiredby the
company scientistscouldbeisolatedwith sucha relatively low-dimensionalparameterisation.On the
otherhand,themethoddependson a priori informationaboutthe the density, likely a fatal flaw for
any robustnumericalpackageof thetyperequiredby thecompany.

1.4 Higher-Order Tikhonov Regularisation

TheTikhonov regularisedsolutiondescribedSection1.3 is theminimiserof theobjective function

D^ ¢ ��t£I u ¢ � L D^ ¶ � ¢ t ¢ � � D^ ¢ ������� �� I � ¢ �±(²´³ L D^ ¶ � ¢ � ¢ �±(²~³ 	 (1.13)

A moregeneralregularisationhastheobjective function’ssecondtermin theform

D^ ¶ � ¢�· � ¢ �±(²´³
wheretheoperator· is chosento penaliseundesiredfeaturesof thesolution. When · hasthesame
Kronecker productstructureas � , thenit is straightforward to developefficient regularisationalgo-
rithmsalongthelinesof theprevioussection.

In thissectionwewill considerthemoredifficult problemof incorporatinganon-factoredregular-
isationterm.For example,setting

· �
DI D DI+D D

. . . . . .

I D DI D è Ü û � � Ý Ü
thediscretefirst derivative,andchangingtheregularisationtermin (1.13)to be

D^ ¶ � � ¢�· � ¢ �±(²~³ L ¢ � · � ¢ �±(²~³ �
in effect regularisesby theboundary valueproblem

�	� �\�§�
� ��D���
1�[���+�G�J��
1�W�§� ��
�H������

�+���(�
DF�[�X�+���(���J�[��� ��
���������
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where
���

denotesthe discreteLaplacian. The boundaryconditionsensurethat · hastrivial kernel
which will be useful for us later. Similar considerationswould allow regularisationwith respectto
higherorderderivatives,for examplereplacing· with thediscreteLaplacianoperatorplusappropriate
boundaryconditionsto ensurea trivial kernel.

Theestimationof � is equivalentto solvingthefollowing problem

��§�§�
�5�W���~ ®;¯_° ¢ ���$	�	~	�y�� Î 	�	�	 ¢ �Fro� � (1.14)

where� � ����� aretheconvolutionkernelsand �� is noisydata.Notethatin thissectionwearekeeping
the notationsimple by assuminga square,��� � unknown � but the methodtrivially extendsto
rectangular� .

Thefirst termin thetwo-dimensionalproblemin (1.14)canbetransformedto a one-dimensional
problemasbefore: ¢ �������N�� I �� ¢ �±(²´³ � ¢ ��t�I �u ¢ � �
wherethevectorst¿� vec�g��� and �u � vec�H��+� areobtainedfrom matrices� and �� , respectively, and�¦�§� �;¨ ��� .

Next, let · ��� · ��Í��E�gÍ ¨ · ��tN� · � tÔ�� · � ��ÍÌ� · � �E� · ¨ ÍR��tK� · ��tÔ�
then ¢�· � ¢ �±(²´³ L ¢ � · � ¢ �±(²´³ � ¢�· � t ¢ � L ¢�· ��t ¢ �� t � · � � · � tÃLxt � · �� · �$t� t � � · � � · � L · �� · �$��t� t � · � · t� ¢ · t ¢ � �
where· is theuppertriangularCholesky factorof thepositivedefiniteandsymmetricmatrix � · � � · � L· �� · �$� .

Assumefor the momentthat · z � is positive in the sensethat · z � ì ¬ � whenever ì ¬ � . Then
with ì � · t theobjective functionin (1.14)becomesone-dimensionalas:

���~ ¡ ¯_° ¢ ��t£I �u ¢ � Lx¶ � ¢ · t ¢ � � ���~ ���� |�� ¯_° ¢ � · z
� ì I �u ¢ � Lx¶ � ¢ ì ¢ �

� ���� � ¯_° ¢ � ì I �u ¢ � Lx¶ � ¢ ì ¢ � �
where � �/� · z � 	 In this casewe suggestto take áâËFÊ1����µ��� · z � �ì asan estimateof the minimiser
in (1.14).

Regardingthe assumptionsmadein the previous paragraphwe note that it is a straightforward
calculationto show that · � · �E� · � � · � L · �� · �$� is abanded,symmetric,positivedefinitematrixwith
non-positive off-diagonalelements.In [9] it is shown that suchStieltjes matriceshave non-negative
(elementwise)inverses.While we have not beenableto prove thesamething for theCholesky factor
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· , we believe it to be true for the generalclassof discretedifferentiationoperatorsthat we have in
mind for applications.In particular, all of our numericalexampleshave exhibited this property. We
suggestthat the generalfact may alreadybe known in the literatureand if not, it would make an
interestingproblemfor futureinvestigation.Perhapsamoreinterestingandimportantissueis to show
that thevalueof theoptimisationproblemabove posedin termsof ì ¬j� is thesameasthevalueof
the t¿¬�� -problemin orderjustify our useof · z � �ì asa rigorousestimatefor áâËFÊ1����M� above.

Finally, aswehavepointedoutbefore,methodswhich involveunfactorisedconvolutionsarecom-
putationallyunwieldyandit wouldbehelpful to comeupwith factoredversionsof theabovetransfor-
mation.

All of thesepointsmerit furtherinvestigation.

1.5 Duality

Extendingthenotationof theprevioussectionwedefine

� �gtZ�[� D^ ¢ ��t¤I �u ¢ � L D^ ¶ � ¢ � t ¢ � (1.15)

andrewrite theoptimisationproblem
� ��  �~���� �Ë � ��tO��� Ð�Ñ"!$# Ë�Ê ÉJÉ Öt¿¬X�R	 (1.16)

Herewe areassumingthat the regularisationoperator� andregularisationparameter¶ have been
givento usin advance.

Standarddualityanalysisandtheprincipleof strongduality impliestheKarush-Kuhn-Tuckernec-
essaryoptimalityconditionson t and% (theLagrangiandualvector):

t¿¬��
�&%<¬��R� � %;��t����§�R�(' � ��tZ�W�)%[	
A straightforwardcalculationgives

' � ��tZ�W�§� � ����t�I �u ��Lx¶ � � � �Ytò	
Substitutingthis resultinto theKKT conditionsyieldsour basicoptimality conditions

� �� ����t�I �u �[� I�¶ � � �� �Yt if t��;Æ �
� �� ����t�I �u �W¬ I�¶ � � �� �Yt if t������R	 (1.17)

Here ���Þ�W�M��� denotethe � -th columnsrespectively. An importantpoint to bemadehereis that(1.17)
areequivalentto theKKT-optimalityconditions.

It is possibleto write conditions(1.17)asaclosedform expressioninvolving t . Firstwewriteì ��¶ z � � �u Ix��tO� (1.18)

afterwhich wefind � � �YtN�����+*JPQ�R��� � ì S~	
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Considernow thecaseof first orderregularisationwhere �E�XÍ . Then

tK�§���+*[P �R���N� ì S
andit is temptingto attemptto recover t via aniterative scheme.However, in practicethis approach
leadsto seriousconvergenceproblemsasdescribedin [10]. It is exactly at this point that the BRD
method[1] providesa way to avoid adirectiterativeapproach.Detailsareto befoundin [10].

Theproposorhasaskedif aniterativemethodcanbesalvagedor, failing thatcantheBRD method
be appliedwhen � `�ùÍ . We werenot ableto answerthis questionclearly during the weekof the
workshop,however we recordherefor completenesssomeobservationsmadeby both theworkshop
membersandtheproblemproposor.

First,supposewedefine,Ò��Ó ���
�ª� ¢ ��� ¢ � � , thediagonalelementsof � � � . , is strictly positiveon
thediagonal.Writing � � � t¿�j�g� � �ÕI-,;�5t�L.,Ht we canrewrite theaboveclosedform expression
as tK�§���+*[P �R��, z � ��� � ì IÕ��� � �ÕI/,H�5tZ�5S~	 (1.19)

Herewe areusingthefactthatthe ���+* operatorcommuteswith , .
If wedenoteby 0t theleastsquaresbest(unregularised)solutionwecanfurthersimplify (1.19)as

tN�����+*JP �R��, z � �g¶Zz � �N��� �10t�I tZ�;IX�������ÙI/,;�5tZS
sotheiterativepropertiesof themap

t32 , z � ¶Oz � �N�;�40t¤I.,�z � ��¶Oz � �N���jL×�Ã���ÕI),;��t
needto beexplored.In ouropinion,themainbarrierto convergenceis thenonlineareffect invokedby
the �¤�5* operatorin theabove iterativescheme.

1.6 Conclusionsand Futur eWork

In this reportwe have shown how relatively simple,off-the-shelfcodecanbe effectively appliedto
solve FredholmIntegralsof thefirst kind throughTSVD andTikhonov regularisation.Higher-order
regularisationcanalsobe incorporatedwith someadditionaltechnicaldifficulties,dependingon the
natureof the regularisingoperator. Iterative schemesfor solving regularisedproblemsareknown in
theliterature,but work remainsin orderapplytheseideasto thepresentsetting.

Futur e Work

BidiagonalisationvsSVD: Eldén’s bidiagonalisationalgorithm [2] for computingTikhonov regu-
larisedsolutionsis normally fasterthantheSVD-basedformula(1.8). Developinga versionof
Eldén’salgorithmthatexploits theKroneckerproductstructurewouldbeagoodresearchtopic.
Thework of FaucettandFulton[4] couldbea startingpoint. However, weexpectthata Matlab
implementation(withoutMEX files)of suchanalgorithmwouldprobablynotbeany fasterthan
theSVD-basedalgorithmpresentedhere.
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Factored form of higher-order regularisation: It shouldbestraightforwardto developefficientreg-
ularisationalgorithmswhentheregularisationoperatorhasfactoredform. Devisingsuchpenal-
isationoperatorsis an interestingtopic for futurework. Also, for moregeneralregularisations,
theconnectionbetweenthefirst ordertransformedproblemandthehigher-orderproblemshould
beinvestigated.

Nonnegativeconstraints: A numberof iterative methodsareavailablefor regularisationwith non-
negativeconstraintson thesolution[11][chapter9]. It shouldbestraightforwardto recodethese
algorithmsto exploit Kronecker productstructure. Again, the key to obtainingefficient code
is to eliminateexpensive Kronecker productsfrom formulaeappearingin the algorithm. For
example,thegradientprojectionmethodinvolvestheobjective functionandthegradient.The
Tikhonov regularisationobjective function(1.13)hasthegradient

�N�W�g��t¤I u ��L×¶ � t¿� áâË�Ê1�g�N�� �����$���N�� I � �5� � Lx¶ � ��� (1.20)

Theright handsideformulaeof (1.13)and(1.20)aretheonesto usein theiterativealgorithm.
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Chapter 2

Modelling Quality and Warranty Cost

C. SeanBohun1, Olivier Dubois2, HongbinGuo3, VeenaB. Mendiratta4, Nilima Nigam2,
KostyantynStepankevych5, TzvetalinVassilev6

Reportpreparedby Nilima Nigam(nigam@math.mcgill.ca )

2.1 ProblemDescription and Methodology

Themainaim of this projectwasto begin a modellingeffort directedat optimizingthewarrantyand
qualitycostsassociatedwith theproductionof asystemwith bothhardwareandsoftwarecomponents.
Thisoptimizationwouldbeconstrainedby theneedto maintainreliability of theproduct,while staying
within anoperationalbudget.For amoredetailedproblemstatement,see[1]. Our aimwasto identify
importantquality attributes,andcaptureoverall trendsin costsandwarranties.More concretely, our
goalswere:r Identifying themajorquality-relatedattributesof interest,denotedby avector 9 ,r Modellingthekey indicatorsof thereliability constraint:thefailurerate(FR( 9 )) andtheseverity

level (SL( 9 )),r Modelling thecostof building aproductto acertainquality level, ä ��9;� ,r Modelling thewarrantycostsof aproductbuilt to acertainquality level, �j��9;� .
The optimizationmodelis to minimize thesumof the quality andwarrantycostsover theentire

classof admissiblequality-relatedattributevectors.This procedureis accomplishedwhile simultane-
ouslyensuringthat thefailure rateremainsbelow a specifiedmaximumFR687:9 andtheseverity level
remainsaboveagivenminimumSL68;=< with agivenprobabilitylevel > . In otherwords,determine

7 opt �§�¤�� ? � ä ��9;��Lx�j�:9��5��� (2.1)

1PennsylvaniaStateUniversity
2McGill University
3Universityof Alberta
4LucentTechnologies
5Universityof Calgary
6Universityof Saskatchewan
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subjectto ê+� FR��9;�A@ FR687:9÷�B@C>¸� ê+� SL �:9��WÆ SL68;=<_�B@.> (2.2)

over all admissible9 . In this projectwe did not performthis optimization,focusinginsteadon the
modellingof thefunctioninvolved.

It is importantto noteat this juncturethatno raw datafrom Lucentwasprovidedfor this project,
nor did we have specificinformationaboutthe particularproductsbeingbuilt. It wasthereforenot
feasibleto useexistinghazard/riskmodelsfor thevariouscomponents.Our modellingeffort wasthus
critically dependenton discussionswith theindustrialcontact,Prof. VeenaMendiratta.In thesection
onfuturedirectionswemakeaseriesof recommendationswhichwill helprefinethemodelsinvolved.

We systematicallyidentified the key quality-relatedattributes,describedby a quality vector 9 ,
which could be measuredandquantified. We thendevelopedreliability, warrantyandcostmodels
basedon these.As our discussionsprogressed,it becameclearthat thesequality attributeswerenot
all independent.Nor werethey all equallyimportantindicatorsof overallquality. It is thuspossibleto
simplify themodelsconsiderablyby focusingon theeffectsof themostimportantattributes,making
theoptimizationproblem(2.1)simplerto solve. In practice,oncecostfunctionsandparametershave
beenpickedonthebasisof standardhazardmodels,it will bepossiblevia scalingargumentsto achieve
furthersimplification.

With aview to illustratingqualitative trendspredictedby ourmodels,wegeneratedsometestdata
(seeSubsection2.8), andran our modelson them. Thegraphspresentedin this reportaretherefore
not linkedto any truedata,andserveonly to providequalitative information.

2.1.1 A RoadMap

Thefollowing list detailsthestrategy for this report.Figure2.1 illustrateshow thevarioussectionsof
thereportinterconnect.

Section2: In this sectionwe identify the quality-relatedvariables,D , which drive the various
costsassociatedwith aproduct,andoverwhich theoptimizationwill occur. Thefactthatmany
of thesevariablesarenot independentwill bedealtwith laterin this report.

Section3: Here,we developmodelsfor the reliability constraints,the failure rateFR andthe
severity levels SL. As well asproviding somegraphicalinsight into the dependenceof these
modelson thequality D , wealsodiscusshow thesefailureratesdeterminetheprobabilityof the
variousmodesof failure. Theseprobabilitiesplay a role in determiningthewarrantycostsof a
product.

Section4: At this point in the reporta modelfor EGF�DIH , thecostof implementationof a given
quality level D is proposed.

Section5: Thiscontainsthedevelopmentof thewarrantymodelsfor hardware J hw andsoftware
J sw aspectsof aproduct.

Section6: Herewecombinethemodelsto summarizethetotal proposedoptimizationproblem.

Section7: A sensitivity to parametersis discussed,providing insightinto therelativeimportance
of termsin thevariousmodelsthathavebeenintroduced.
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Figure2.1: Illustratedarethevarioussectionsof this reportandhow they interconnect.

Section8: Broadtrendsin the proposedmodelsaregeneratedby drawing the quality-related
variablesfrom agivenprobabilitydistribution. Two casesareconsidered,eachcharacterizedby
theprobabilitydistributionbeingused.

2.2 Quality Attrib utesVector

Webegin by identifying theimportantquality-relatedattributeswhicharebothsalientandmeasurable
in the context of this project. Theseattributesfall into two broadcategories– hardware-relatedand
software-related– andthe optimizationof the total costwill be performedover theseattributes. In
practice,mostof theseattributeswill be measuredstatistically. In the absenceof raw data,we are
unableto providestatisticalmodelsfor theseattributes,whichwill changedependingon theproduct.

Mathematically, theseattributesaregatheredin aquality vector

DIH4F7J K.LMJON#L JOP#LMQ�Q�QRLMJTS�HVUXWZYRH\[^]�L)_�` S Q
The cost will be optimizedas a function of DaUbW , subjectto certainreliability constraints. We
have scaledtheseattributes J>c to take on valuesbetween0 and1 for convenience.This enablesusto
compare,for example,aquantityoriginally measuredasapercentagewith onemeasuredasanumber
between0 and10. Whenusingthemodelin application,it will beimportantto identify theunitsused
andconvert themif necessary.

Thevariousquality attributesaredescribedbelow.

HARDWARE:

JMK : Componentquality. In practicemeasuredasa failureratepercentageperyear. Here,this rateis
convertedto ascalefrom 0 to 1, andis called JMK .
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JON : Infant mortality factor (IMF). Measuredastheratio of theinitial failurerateto thesteady-state
failurerate,this is a numberbetween1 and2. In this project,weusethescaling JONdH measured
infantmortality factor ef_ .

JOP : Diagnosticscapability. This attributeis denotedJOP andlies between0.8and1. In practice,it is
measuredasa percentage,typically between80 and100.

JOg : Working environmentrange. Thevariable JTg is definedastheamountby which theconstructed
working rangeexceedsthespecificationsof thedevice. For example,supposethedevice is in-
tendedto operatebetween]ih C and _�])]ih C, but is built with aworking rangeof ej_�]ih C to _�k)lih C.
Theconstructedworkingrangeexceedstheoperationalspecificationsby _�]ih C onthelowerend,
andby k)lih C on thehigherend. Thus,we would computeJOgmH FO_�]onpk)l�H>q�F working rangeHoHr l)qs_�])]tHu])Q r l .

Fromthedescriptionof thesehardware-relatedattributes,it is not immediatelyobviouswhich arethe
bestindicatorsof overall quality.

SOFTWARE:

JOv : Software developmentenvironment(SDE).DenotedJTv , this describestheoverall quality metric
of thesoftwaredevelopmentprocess.

JOw : Codecomplexity. Thismetricmeasuresthecomplexity of acodebasedonavarietyof indicators.
Essentially, the morecomplicatedthe interactionsbetweendifferentpartsof a large code,the
harderit is to ensurereliability.

JMx : Stability index. Typically a numberbetween0.8and1, this metricdescribestherobustnessof a
codeover longerperiodsof time.

JOy : Coverage testing. This attribute describeshow comprehensively eachmoduleof the codehas
beenchecked.

JOS : Fault density. Thismeasuresthenumberof failuresper1000linesof code.Weexpressthisasa
fractionbetween0 and1.

TheSDEindex clearlyseemsto include,or beaffectedby, theothersoftware-relatedattributes. We
expectagoodmodelwill thereforebeverysensitiveto changesin JOv . In particularcases,thesequality
attributesmayberestrictedto tighter“operatingranges”by thecompany’sproductionpolicies.

2.3 How do weModel the Reliability Constraints?

The optimizationof the costsof quality and warrantywould be straightforward in the absenceof
certainreliability constraints. Theseconstraintsare identified as benchmarks,or standards,which
mustbemetby any product.Thequalityattributesmustbechosento meetor exceedthesestandards.

Prior to prescribingthe natureof the constraints,we needto model the indicatorsof reliability
whichwill beused.Therearetwo majorindicators,onefor hardwareandonefor software.
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HARDWARE:

Failur e Rate (FR): this is describedby thesystemfailure rateperyear, andincludesthe
effectof thecomponentfailurerate J K .

SOFTWARE:

Severity Levels(SL): rangesin scalefrom 1 to 4, whereSL Hz_ is acatastrophicfailure,
andSL H|{ is aminor error.

Thereliability constraintswill beinterpretedin termsof theseindicators– thefailurerateFR mustbe
below a certainprescribedvaluewith high probability, andtheseverity level SL muststayaway from
thecatastrophicfailureswith highprobability. This is illustratedin expression(2.2).

2.3.1 Modelling the Failur e Rate

Thefailurerateusedin thecharacterizationof reliability combinesseveralfactorsincludingthefailure
rateof thecomponentsthemselves,therobustnessof theoverallarchitecture,theinfantmortalityfactor
(IMF) andtheworkingenvironmentrange.

We identifiedthebroadtrendsthatthefailurerateexhibitedin threeof thequalityattributes:com-
ponentfailure rate JMK , the infant mortality factor JON andthe working environmentrange JOg . As the
componentfailure rate JMK increases,sodoestheoverall failure rate. Likewise, if the IMF JTN is high,
thefailurerateis large.Theeffectof theworking rangeenvironment JOP is opposite:if theconstructed
working rangeis largerthanthespecs,thedevice is morerobustandthusthefailurerategoesdown.

We proposedtwo modelswith increasingcomplexity thatexhibit this behaviour. Our discussions
revealedthat in this specificcontext the failure ratewasdescribedlargely in termsof thecomponent
quality.

Thefirst modelFRK_F�DMH is asimpleone,with 3 freeparameters}~K , }�N , and }�P :
FRK�F�DIH�H FRK�F7JMK.L JON#LMJTg�H�H�})KsJ K�n�}�N�JON�e�}�PuFO_�e�JMK�H>JOg�Q (2.3)

The nonlinearterm e�}�PuF>_�e�JMK�H>JOg enterssincethe failure rateshoulddecreasewith larger working
environmentrange JTg , however the systemwill neverthelessbe affectedby poor componentfailure
ratesJ K . Thesetwo effectsarethereforecompeting.

Figure2.2below showsfour graphsrelatedto failureratemodelFRK . Thefirst threegraphsexhibit
thetrendsof thefailureratewith respectto theindividualattributesJMK , JTN , JOg . Thelastgraphdepictsa
surfaceplot describingfailureratetrendswhen J K and JOg areallowedto change.

The next failure rate modelwe proposeis manifestlynonlinear, and aims to bettercapturethe
importanceof the componentfailure rate J K on the systemfailure rateFR. The free parametersare
denoted}~K , }�N , }�P and }�g . As before, the failure rate FR dependson the quality vector D , but in
particularon theattributesJMK , JTN , JOg .

FRNuF7J K>LMJTN�LMJOg_HVH|})Ks�������.��n�}�P�JONMJ N K e�}�guFO_�e�JMK�H>JOg�Q (2.4)

Therationalefor picking this modelis asfollows: first, thesystemfailure rateFRF DMH increaseswith
poorercomponentquality, with this rateof changedependingon JMK . Thereforethe dependenceof
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Figure2.2: FailureRatemodelFRK asa functionof (a) componentquality J K , (b) infantmortality JON ,
(c) workingenvironmentrangeJOg , and(d) both JMK and JTg together, JTNdH|]�Q r .
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Figure2.3: FailureRatemodelFRN asa functionof (a)componentquality JMK , and(b) infantmortality
JON .

FRN on JMK is modelledby anexponential.Second,theinitial mortalityrate JOg impactstheoverallfailure
rate,but evenif this IMF is low, apoor-qualitycomponentwill impactthefailurerateadversely.

Thetwo graphsin Figure2.3usethefailuremodel(2.4) for FR to describethebroadtrendsin the
modelwith componentfailurerate J K andinfantmortality factor JON andcanbecomparedto Figure2.2.
In Section2.8 we show the effect of inputting several instancesof D , drawn from testdata,into the
modelFRN .

2.3.2 Modelling the Severity Level

Softwarefailuresarecharacterizedin termsof varyingseverity levels(hereafterdenotedSL), where
anSL H�_ is acatastrophicfailure,while anSL Hu{ is aminor failure. In thissectionwepresentsome
modelsdescribingtherelationshipbetweenthequality vector D andtheSL.

In thecontext of thisspecificproject,wedeterminedthattheseverity levelsof softwarefailurewere
impactedby thesoftwaredevelopmentenvironment JOv , thecodecomplexity JOw , thestability index JMx ,
the coveragetesting JOy andthe fault density JTS . The modelwe proposefor the severity levels is not
anadditive/linearone.We believe thatthechosenfunctionalform captureswell thetrendsin severity
levelsasfunctionsof theindividualattributes,aswell astherelativeimportanceamongstthesefactors.
Therearesomefree(nonnegative)parametersin themodel, ��K , ��N , ��P , ��g , ��v . Theseverity level SL as
a functionof D is:

SLK_F�DIH
H SLK�F7JOv�L JOw#LMJ x.LMJOyMLMJOS_HVH|��K.��� ��� �T���~��� y �A� �>� � �T���~��� K � � JTv�n F>_�n�JTw�e J Nw H¡�T¢�J N x Q (2.5)

To describethe effects of coveragetesting JOy , we notedthat as JTy increases,the likelihood of
catastrophicsoftwareerrordecreasessincemoreof thesoftwareis validated.Similarly, asthenumber
of faultsper1K lines, JTS , increases,sodoestherisk of catastrophicerror. Keepingin mind thescale
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Figure2.4: Severity levelsasa functionof thevariouscomponentsof thequality-relatedvector: (a)
SDE JTv , (b) SDEandcodecomplexity F£JOv�LMJTw_H .

on which we measureSL, thedependenceon JTy and JOS is modelledby exponentialswith appropriate
signs,penalizingdeviationsfrom high-quality.

Basedon discussions,we modelledthedependenceof SL on thestability index J x by a quadratic,
sinceamorestablecodeis lessproneto severesoftwarefailures.

As thesoftwaredevelopmentenvironmentindicator JOv increases,thetypesof softwarefailuresget
lesssevereand the SL increases.Poorquality developmentenvironmentimpactsthe severity level
more.Thatis, ¤�F SLH>q)¤¥JOv shouldbelargerfor smallvaluesJOv . This behaviour is capturedwell by the
squareroot function.

Theoppositetrendis exhibitedasa functionof codecomplexity JTw . Whenthecodecomplexity is
low, theoverall softwareis lessproneto severeerrors,puttingtheSL index in thehigh range.After a
certainthresholdcomplexity is exceeded,theeffect of complexity on theseverity levelsbecomesless
dramatic.To capturethisbehaviour, thedependenceof SL on JOw is describedby F>_�n¦JOw§e¦J Nw H � ¢ where
��g @\_ .

While discussingSL it appearedthat the attributes JOy , JTS , the coveragetestingandfault density,
werewell-predictedby thesoftwaredevelopmentenvironment,JOv . Therefore,weassumedthatat least
for thepurposeof modellingseverity levelsasa functionof D , we couldwrite

JOy¨H�©«ªy JOv�L JTSdHu©«ªS JTv�Q (2.6)

Thissuggestsapossiblesimplificationto theseverity level model:

SLNuF�DMHVH SLNuF£JOv#L JOw�LMJ x�HVHu��K.� � �>¬ � � ¬ �~��� y � � JTv�n F>_§n�JTw�e J Nw H¡� ¢ J N x Q (2.7)

where ��K and ��g areasin model(2.5),while ��vHZ��N�© ªS e®��PM© ªy . The trendsin theseverity level are
graphicallydescribedin theFigure2.4.
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Failure F£��KOLM��g#LM��v_H
type (2.46,0.4,1) (2.46,0.6,1) (2.46,0.4,2) (2.46,0.4,3)
SL U F£]�L)_ Q�lÎH 0.1% 0.01% 0.01% 0.02%
SL U F>_ Q¯l�L k)Q�l�H 0.9% 0.1% 0.1% 0.8%
SL U F£k�Q¯l�L r Q�l�H 12.7% 14 % 29% 43.5%
SL U F r Q¯l�L {)Q�l�H 87.2% 85.8% 70.4% 55.6%

Table2.1: Predicteddistributionof severity levelsfor varioussetsof F7��K.LM��g#LM��v_H .

Evenwith this simplification,theseverity modeldescribedby equation(2.7) is highly nonlinear.
How is oneto choosethe exponent ��g ? Doesthis modelactuallycapturethe observedbehaviour of
softwaresystemswhenthey arebuilt within agivenrangeof quality?

To answerthesequestions,we first determinedthe heuristictrend: if the softwaredevelopment
environmentJOv , thecodecomplexity JOw andthestability index JMx werein thehigh-end,thenthenumber
of softwarefailuresclassifiedasSL H _ (catastrophic)shouldbe lessthan ])Q¡_�° , SL H±k failures
shouldbeabout _�° , SL H r

failuresshouldbelessthan _�])° andSL Hu{ failuresshouldbeabout²)l)° .
A goodreality checkfor our SL model(2.7) is to draw F7JTv#LMJOw�L JMx�H from a givensetof distributions.
For our first simulationwe take F£JOv#LMJTw�LMJMx�H from normaldistributionswith means³�voH´]�Q¯² , ³�wtH�]�Q¯{ ,
³
xµH ]�Q�² and a commonvariance ¶ N H ]�Q¯])l so that JTv¸· ¹ F£])Q�²�L�]�Q�]~l�H , JTw¸· ¹ F£])Q�{�L�]�Q�]~l�H and
JMxV·´¹ F']�Q�²)L ]�Q¯])l�H . Theprobabilityof eachSL failuretypecanbecomputedthrough

Probabilityof anSL type º failure H ³j»�F£JOv�LMJTw#LMJMx�HVUX¼X½ SL F£JOv#LMJTw�LMJMx�H
H¾º�¿
³j»�F£JOw#L JOw�LMJ x�H
UÀ¼�¿ L

where¼�Y�H�»�F7J cv LMJ cw LMJ c x H K �����cÂÁsK ½ÃJOvd·�¹ F']�Q¯²�L ]�Q¯])l�H>LMJOw¨·�¹ F']�Q¯{�L ]�Q¯])l�H>LMJMx�·´¹ F']�Q�²)L ]�Q¯])l�H.¿ is asetof 1000
i.i.d. testdatapointsdrawn from theappropriatenormaldistributions,and³ÌF£ÄBH is thevolumeof aset
Ä . We show in Table2.1 these(approximate)percentagesfor a few choicesof ��K>LM��v and,critically,
��v . Wenotethattheserangesarenotobtainedfrom Lucent,but areusedbecausethey seemconsistent
with a high-endproduct.Thecode-complexity JOw wassetto bemid-rangesincea marketablesystem
wouldhavea certainminimal level of complexity, but highcomplexity wasundesirable.

2.4 The Cost of Quality Implementation

Having identifiedthe constraintsin the previous section,we now describethe costsassociatedwith
building a productwith given quality vector D . Our discussionrevealedthat the largesteffectson
thecostweredueto maintaininga high softwaredevelopmentenvironment JTv , anda low component
failurerate J K .

Themodelfor thecostof quality, E F DMH which is proposedin this projectis

E F DMHÅH E hw n)E sw

H E�K>� �)Æ¥Ç� ��� n�ÈTNuF£JON
n�È ªN H N n�ÈÉP#JTP�n�ÈTg F£JOg
n�È ªg H N n fixedhardwarecosts

n E�vM� Æ Ç¬ � ¬ n�ÈÉw#JTw�n�È x.J x�n ÈTS�JTS
JOw
n�È ªS n fixedsoftwarecostsQ (2.8)
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Figure2.5: Behaviour of thequality function. (a) Trendin costof quality asa functionof component
failurerate J K andSDE JTv . (b) Trendof costof quality in individualattributesJ>c .
Here E�K , E ªK , E�v , E ªv , ÈTN , È ªN , ÈÉP , ÈTg , È ªg , ÈTw , È�x , ÈÉS , È ªS areconstantparameterswhichneedto bedetermined
by fitting actualdatato themodel.

The first termof thehardwareandsoftwareportionsin this modelcapturethe importanceof the
componentfailurerate J K andthesoftwaredevelopmentenvironment JOv in theoverall costmodel.As
JMK decreases,theoverall likelihoodof failuredecreases.This improvementcostsmore,especiallyafter
acertainthresholdis achieved.Improvementsbeyondthislevelareincreasinglyexpensive,ascaptured
by an exponentialfunctionwith thenegative exponent.On the otherhand,asSDE JTv increases,the
softwaredevelopmentenvironmentbecomesbetterandthuscostsmore.Thesetrendsarecapturedin
Figures2.5(a)and(b).

The termscollectedin equation(2.8) underhardware describetheeffectsof the infant mortality
rate JON , the diagnosticscapability JTP andthe working environmentrange JOg . In termsof the overall
hardwarequality costs,thesearehigher-ordereffectsin the sensethat their contribution maynot be
assignificantasthatof thecomponentfailurerate, JMK . This reasoningdictatedthefunctionalrelation-
shipsasbeingat bestquadratic.Similarly, thecostscollectedundersoftware describetheeffectsof
controllingthecodecomplexity JTw andthestability index JMx . Thesecostscontributelesssignificantly
to the overall quality costsfor the softwarethanthe softwaredevelopmentenvironment JTv . Indeed,
theeffectsof increasingthecoveragetestinganddecreasingthefault densityarecaptured(to a large
extent)by thecostof JTv , andarethereforeignoredin thiscostmodel.Thetrendsof thecostaseachof
theseattributesvary is picturedgraphicallyin Figure2.5. Theresultsusingthetestdataaredescribed
in Section2.8.

2.5 The Warranty Costs

Warrantycostscanbebroadlybrokenup into thehardwareandsoftwarecosts,andwe thusmodelled
eachof theseseparately. As in thecostof quality, the dominantfactorsinvolvedarethecomponent
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failureratesJMK andthesoftwaredevelopmentenvironmentJOv . Wenow presentamodelfor thewarranty
costsJ F�DIH expressedas

J F�DMHVH J hw F�DMH�n)J sw F DMH.Q
In this projectwe do not attemptto presenta modelfor finding anoptimalwarrantypolicy. Our

attemptis to modeltheeffect of changingquality on warrantycostsfor a given,fixedwarrantypolicy.
This distinctionis an importantone. Clearly, thepoliciesthemselveswill changeconsiderablyif the
averageproductquality attributeschangea lot. This modeldoesnot accountfor this, at leastin the
hardwarecosts.However, asa first approximation,if we assumethe D vectorstayswithin a certain
range,thewarrantypolicy maybeconsideredfixed,andwe candescribetheeffectson thewarranty
costsof changingD within this range.

2.5.1 The HardwareWarranty Costs

Hardware warrantycostsare characterizedby the four major typesof hardware failuresseen: no
troublefound(NTF), repaired, junked, andfurther failure modesanalysis(FMA). Of these,theNTF
costsarethesmallest,but thesuppliermaywishto penalizethese.Themodelshouldbeflexible enough
sothatanoptimizationwill ensurethatmostof theerrorsfall into thesecond(repaired)category.

Empirical datawill be ableto describethe observed probabilitiesÊ�K , Ê�N , Ê)P and Ê)g of seeingthe
variouswarranty-relatedcosts(NTF, repair, junk, andFMA, respectively). Theseprobabilitiesare
computedbasedon theassumptionthat thequality vector D lies within a particularrange,but arenot
sensitive to variationswithin the range. Thereis alsoa standardizeddollar amountË�K , Ë�N , Ë�P , Ë�g
associatedwith eachof these.

The standardwarrantycostmodelsimply computestheexpectedcost Ì FàE³HÍH gcÂÁsK Êic�Ë¨c . As a
resultthisstandardmodelfails to capturethemostimportanttrend,thatof changingcomponentfailure
rate J K , on thehardwarewarrantycosts.

To includetheeffectsof quality, we penalizethesefour kindsof failuresto variousdegrees.This
will allow the user, for example, to explicitly adjust the model so that NTF failuresare reduced.
This allows for greaterflexibility in optimization. For example,NTF failuresare inexpensive, and
thusoptimizinga standardwarrantycostmodelmayresultin choosingD valueswhich increaseNTF
failures,while reducingthe expensive FMA failures. By contrast,the proposedhardwarewarranty
model(2.9)allowstheuserto choosethepenaltyparametersÎÏK , Î#N , Î#P , Î#g sothattheoptimal D values
resultin asmallnumberof NTF.

J hw F DMH�H�Ë � J K Ê�KM[ Ë�KÐn�ÎÑK�F>_�e�JTP�H>`
NTF costs

nIÊ�N FÒË�N�n�Î#N#JON_H
repaircosts

nÓÊ�P FÒË�P
n�Î#P#JMK�H
junk costs

nÓÊ�g�[ Ë�g�n�Î#g F>_�e�JTP�H>`
FMA

(2.9)
whereÊ¥KVHu])Q¡_ , Ê�NdH|]�Q�² , andÊ�P¨H�Ê�g¨H|]�Q¯])l .

Theseprobabilitiesarebasedon how many itemswhich arereturnedto the supplier(andaread
hoc),while Ë � is usedto scalecostsappropriatelyby thenumberof itemsin service.Wenoticethatthe
standardwarrantycostmodelhasbeenmultiplied by JMK , thecomponentfailurerate. In theproposed
modelif thecomponentfailure ratesJMK areat thehigh endof theoperatingrange,thenthewarranty
costsarehigher. Figure2.6depictsthevariousdependencies.
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Figure2.6: (a) Trendsin J hw with componentquality JMK andIMF JON , ( JOP fixed). (b) Trendsin J hw

with IMF JTN anddiagnosticscapability JOP , ( JMK fixed). (c) Trendsin J hw with componentquality JMK and
diagnosticscapability JOP , ( JON fixed).

2.5.2 The SoftwareWarranty Costs

Thesoftwarewarrantycostsarecharacterizedin termsof theseverity levelsof thesoftwarefailures,
SL (seeSection2.3.2).Therefore,giventheoperatingrangeof thequality vector D , we cancalculate
from our SL modeltheprobabilitiesÊ�v , Ê)w , Ê�x , Ê�y of failuresof SL HZ_ (catastrophic)throughSL H®{
(minor) respectively (seeTable2.1).Associatedwith eachof thesetypesof failuresis awarrantycost,
Ë�v , Ë�w , Ë�x andË�y respectively. Thewarrantycostfor softwareis expressedby:

J sw F�DMHVH J FO_�e�JOv�H_F¯Ê�v>Ë�vVnÔÊ�w.Ë�wVnÕÊ�x7Ë�xÐnÕÊ)y>Ë�y_H.Q (2.10)

TheSDEmostsignificantlyimpactsthewarrantycostof thesoftware.A higherSDEmeansfewer
catastrophicfailures.TheprobabilitiesÊic , º�H|l�LMQMQMQ�L ² arefixedfor agivenoperationalrangeof JOv , JOw ,
JMx , andarechosenaccordingto our modelof theSeverity Level function(2.7). Recallthat JTy and JOS
aregivenby expression(2.6). Moreprecisely,

Êic�Ö~gdH ³j»�F£JOv�LMJTw#LMJ x�H
UÀ¼¦½SL F7JOv�L JOw#LMJ x�H�H�º�¿
³j»�F7JTw�LMJOw#L JMx�HVUÀ¼�¿ n�×¡c

where ¼ÅYRH F£]�Q¯²�L�_5HÙØ F']�Q�{)L ]�Q¯Ú�HÍØ F']�Q¯Ú�L�_+H . The quantities ×�c are introducedto accountfor other
lower-ordereffects,which arenot accountedfor duringtheproduction.Theseincludeeffectssuchas
a productbeingreturneddueto incorrectusageby the customer. Onemay alsousea modelallow-
ing moreflexibility , suchas(2.9). Unfortunately, in sucha model the probabilitieswill needto be
computedasfunctionsof JOc .

2.6 The CompleteModel

Wenow summarizethemodelsof theprevioussections.Recallthatthegoalwasto identify thevarious
functionsin theoptimizationproblem(2.1) repeatedherefor convenience

Û
opt H|ÜÞÝ�ßà FÝE F DMH�n/J F�DIH�H.L
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subjectto á
F FRF DMHA@ FRâÐã�ä HB@¾Ê¥L

á
F SL F�DIHVå SLâÐæAçÎHB@¸Ê

over all admissibleD andsomepresetprobability Ê . Theobjective functionconsistsof thecombined
costsof quality (2.8)andwarranty(2.9),(2.10):

Û H EGF�DMH�n)J F DMHVH EGF�DMH�n)J hw F�DIH�n/J sw F�DMH
H E�K>� �)è£Ç � ��� n)E�v�� è£Ç ¬ � ¬ nÔË � JMK

g
cÂÁsK ÊicRË¨c+n J4F>_�e JOv�H

y
cÂÁ~v ÊicRË¨c

n�ÈÉN F£JON
n�È ªN H N n�ÈÉP�JOPVn�ÈÉguF7JTg�n�È ªg H N n�ÈÉw�JOw
n�È�x>JMx�n�ÈÉS JOS
JTw�n�È ªSnÕË � JMK�[ Ê�KOÎÏK�F>_�e JOP_H�nÔÊ�N�Î#N#JON
nÕÊ)P#Î#P#JMK�nÕÊ�g�Î#g FO_�e�JOP�HO`)n fixedcosts

(2.11)

wherethetermshavebeenreordered.Thereliability constraintsaregivenby (2.4)and(2.7):

FRNuF£JMK>LMJTN�LMJOg�HéH })Ks� �����.� n�}�P�JTN�J N K e }�gnF>_�e JMK�H>JOg @ FRâÐã�ä
SLNuF£JOv#LMJTw�LMJMx�HéH ��K � JOv���� ¬ � ¬ F>_�e JTw�H��T¢.J N x å SLâÐæAç

whereFRâÐã�ä andSLâêæAç arespecifiedby theuser. Onemayalsouseothermodelsproposedin Sec-
tion 2.3. This objective function is quite complicated.However, by retainingonly termsto leading
order, weproposea simplermodel

Û
whichcapturesmostof thebehaviour:

Û F�DMHVHuÈ�K.� �)è Ç � �.� n�ÈÉv�� è Ç ¬ � ¬Ðn JÀK.J K�n JÓN FO_�e JOv�H.Q
Thissimplificationis justifiednumericallyin Section2.8.2.

2.7 Model Justification: Sensitivity to Parameters

Considera function ë F�D�ì#}~K>LM}�N#LMQMQMQ�LM} í H dependingon ¹ continuouslyvaryingparameterson some
domain ¼ . We assumethat ë is sufficiently regular to ensurethat ¤¥ë�q)¤¥} î exists throughout¼ . By
consideringthesequenceof parameters»�} î�¿ íî.ÁsK asa vector ï}ÔU í the total differentialof ë canbe
writtenas

ð ëñH�òpó�¨ô
ð ï}õH

í
î.ÁsK

¤�ë
¤�}�î

ð } î�Q
As aconsequence,assumingë is positivevalued7, onehas

ð ë
ë H

í
î.ÁsK ½Ã}�î�½ ¤dö�÷)ø�ë

¤¥} î
ð }�î
½^} î�½ (2.12)

illustratingthattheproportionof therelativechangein the ë dueto therelativechangein theparameter
} î is } î�¤ùö�÷)ø�ë�q)¤¥} î . Thissimpleformalismis usedin theanalysisthatfollows.

7Thegeneralexpressionis ú¡ûü û üÏý þÿ�������� ÿ � sgn�
	����� ��� ü û ü���� ú ���ü ��� ü .
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2.7.1 Failur eRateModel

Recallthatthesecondmodelfor overall failureratethatweproposedin Section2.3was

FRN F�D�ì#})K.LM}�N#LM}�P#LM}�g�H
Hu})K>� �����.� n�}�P�JON#J N K e�}�guFO_Ve�JMK�H.JTg
where })K , }�N , }�P , }�g arepositive constants.Becausewe have explicitly specifiedthe dependenceof
FR on theparameters} c expression(2.12)allows oneto estimatewhich of theseparametershave the
mostimpacton themodel.Indeed,

ð
FRN

½ FRNÑ½ H
F ð }~KÐn�})K.J K ð }�N_H>� ������� n�JON�J N K ð }�P
e F>_�e J K�H.JTg ð }�g

½^})K>� �.����� n�}�P�JON�J N K e }�g FO_�e JMK�H>JOgÏ½ Q
We claim thattheeffect of changing}~K or }�N by anamount� hasa largereffect thana similar change
in }�P , }�g . To seethis, notethatperturbationsto })K and }�N areamplifiedby a factorof � �.� ��� åb_ and
JMK.� �.� ����� J K respectively, whereasperturbationsto }�P and }�g areonly amplifiedby factorsJON�J N K�� J KA@
_ and F>_�e JMK�H>JOg � JMKB@�_ .

2.7.2 Severity Level Model

In orderto gaugewhichof thefreeparametersmostsignificantlyaffect thesecondSL model(2.7),we
fix D , andcomputeöR÷~øZF SLN_H�H ö�÷)ø���K�n F7��v#JTv n KN ö�÷)ø
JOv�H�n ��g�öR÷)øZFO_
epJOw�H�n kVö�÷)ø
JMx , which helpsus
identify therelativesensitivity of themodelto theparameters��K , ��g and ��v :

ð
SLN
SLN H

ð ��K
��K n���v#JOv

ð ��v
��v n���g�öR÷~øZF>_�e�JOw�H

ð ��g
��g Q

Thus,if all otherparametersarefixed,a1%changein ��v will resultin a ��v#JOv % changein theSL value.
If ��g is changedby 1%,theresultantpercentagechangein theSL valuesis ��g�ö�÷)øZF>_ÏeIJTw�H . Heuristically
the JTw valuesrangebetween]�Q¯{ and ]�Q¯Ú , andthereforeöR÷~øZF>_�e«JOw¿H is negative. Increasing��g thusresults
in a decreasingSL. Thisalsoexplainsour findingsregardingTable2.1.

2.7.3 Costof Quality Implementation Model

Following thesametechniquesasin theprevioustwo subsections,weexaminethemodel E F DMH , given
by equation(2.8) for therelative importanceof theparameters

ïEuH��àE�K>L_E ªK L�E�v#L_E ªv LMÈÉN#LMÈ ªN LMÈÉP#LMÈÉg#LMÈ ªg LMÈÉv#LMÈÉw#LMÈ�x>LMÈÉS#LMÈ ªS! Q
Continuingwith our prescriptionyields

ð EGF�D�ì ïE	HÅH F ð E�K�e JMKWE�K ð E ªK H.� �)Æ Ç � �.� n F ð E�vVn�JOv¿E�v ð E ªv H.� Æ Ç¬ � ¬
n F£JON
n�È ªN H�[ k�ÈTN ð È ªN n F7JTN�n�È ªN H ð ÈÉNM`)n F7JOg
n�È ªg H�[ k�ÈÉg ð È ªg n F7JTg�n�È ªg H ð ÈÉgM`
n�JTP ð ÈÉPVn�JOw ð ÈÉw
n�JMx ð È xÐn ÈTSMJOS

F£JOw
n�È ªS H N F7JOwVn�È ªS H
ð ÈÉS
ÈTS e ð È ªS Q
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2.8 TestData, and Model Trends

Thevalidationof aproposedmodelis animportantstepin any modellingeffort. In theabsenceof real
datafrom Lucent,we wereunableto specifythe natureof distributionsfrom which to generatetest
data.Indeed,testdatashouldbecreatedonthebasisof hazard modelsappropriatefor theproducts.In
theabsenceof thesemodels,any testdatausedis for illustrationpurposesonly.

As part of this project,we provide two testsetsof data,drawn from a normaldistribution (the
mathematicalinterpretationof thepopularSix-Sigmamodel)andfromaBetadistribution. To illustrate
thebroadtrendsof our models,we generatedseveral instancesof D , with individual attributespicked
asindependentrandomvariablesdrawn from thesetwo models.

2.8.1 TestData Drawn fr om a Normal Distrib ution

Testdataof 1000instancesof D wascreatedby consideringthe attributes JOc asindependentrandom
variablesdrawn from appropriatenormal distributions ¹ F¯³�c�L ¶ Nc H (mean ³�c , variance ¶ Nc ), with the
distribution parameterschosento reflect a high quality product. Figure 2.7 illustratesa particular
instanceof this process.Note that the attributes J>c arescaledto reflect the natural quantities,e.g.,
componentfailure rate J K is scaledby 100 to yield a failure ratepercentage.We input our simulated
dataD into thefailureratemodelFR. Theresultsaredescribedin Figure2.8.

We expect that with mostproductsbeingbuilt to high quality specifications,the warrantycosts
will below, while thecostof implementationwill behigh. Figure2.9 illustratesthehistogramsof the
warrantycostsJ swL_J hw, andtheimplementationcostsE F DMH whenthis instanceof testdatais applied
to eachof therelevantmodels.

2.8.2 TestData Drawn fr om a BetaDistrib ution

A betadistributionwaschosenbecauseit is a two parameterdistributiondefinedon theinterval [A]�L�_�` .
Theprobabilitydistribution functionis givenby

Ê�F#"�ì!$�L�%AH�H
& F
$«n'%AH& F�$�H & F#%AH ")( �

K F>_�e'"MH�* � K ] � " � _
] otherwise

wherethemeanandvarianceare

³ÕH $
$«n'% L ¶ N H $)%

F
$«n'%AH N F
$«n'% n�_+H Q
So asto matchwith the correspondingnormaldistribution ¹ F¯³�c�LM¶ Nc H onechoosesthe parameters$
and% as

$µH ³�c
¶ Nc ³�cseÕ³ Nc e ¶ Nc L %XH _

³�c e�_ $�Q
Onceagaintestdataof 1000instancesof D wascreatedandthesimulateddataappliedto thefailure

ratemodelFR. Theresultsaredescribedin Figure2.10.Sincewe assumedtheattributesweredrawn
from abetadistribution(mostinstancesarehighquality), it is reasonablethatthefailurerateis skewed
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Figure2.8: Effectof FRN andSLN onsimulateddatausinganormaldistribution: mostinstancesof the
producthavea low failurerate.

towardsthe lower end. We expectthat with mostproductsbeingbuilt to high quality specifications
the warrantycostswill be low while the costof implementationwill be high. This is borneout in
Figure2.11.

In Figure2.12we seethatat leastfor this testdata,thesimplifiedobjective function
Û

described
in Section2.6capturesmostof thebehaviour of thecomplicatedobjective function(2.11).

2.9 Summary, Futur eDir ectionsand Suggestions

We concludethis reportby notingagainthat themodelsdevelopedwerebasedsolelyon discussions
andheuristicarguments. In the absenceof data,survival andhazardmodels,indeedeven product
informationfrom Lucent,this reportshouldnotbeinterpretedasrepresentative. Instead,wehopethat
theargumentswill provide thebasisfor a morecarefulmodellingeffort by Lucent.

We notethat despitethe identificationof nine quality attributes J>c , not all of theseattributesare
equally important. This is a crucial stepin any modelling process:identifying the key elements.
Basedon the precedingdiscussionwe canconcludethat the mostsignificantindependentattributes
arethecomponentfailure rates J K andthesoftware developmentenvironmentJTv . Theseindicesseem
to outweighthe others. In fact, most of the other attributesare affectedby thesetwo. Thus, any
furtherwork shouldfocuson thecarefulestimationof theseattributes.Theattributesassociatedwith
diagnosticscapability JTP , coveragetestingJOy andfaultdensityJOS aretheleastsignificant.Indeed,these
do notevenappearin theconstraints.

NeithertheconstraintfunctionsFR andSL nor theobjective function containcomplicatedfunc-
tional forms;theresultantmodelis nonlinearandawkward,but noneof theindividual componentsis
morecomplicatedthana quadraticor anexponential.Theseforms aredeliberatelychosensincethe
associatedparameterscanbeeasilyfit, usingrealdataandstandardstatisticalsoftware.

Wesuggestthattheparametersbelocatedbasedontruedatawhichmaybeavailableto theindustry.
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Figure2.9: WarrantyCostsand ImplementationCostsusingnormally distributedtestdata. Scales
rangefrom 0 to maximumpossiblecostin eachcase.
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Figure2.10: Effect of FRN andSLN on simulateddatausinga betadistribution: mostinstancesof the
producthavea low failurerate.

Theseparameterswill vary with variousproductand warrantypolicies. Simultaneously, test data
drawn from hazardmodelsappropriateto thespecificproductshouldbeusedasa reality check.The
final optimizationcanbecarriedoutusingstandardpackages.
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Figure2.11: WarrantyCostsandImplementationCostsusingbetadistributedtestdata.Scalesrange
from 0 to maximumpossiblecostin eachcase.



2.9. SUMMARY, FUTUREDIRECTIONSAND SUGGESTIONS 45

0 50 100 150 200 250 300 350 400
0

10

20

30

40

50

60

70

80

90

100
Objective Function

0 50 100 150 200 250 300 350 400
0

10

20

30

40

50

60

70

80

90
Objective Function

(a) (b)

Figure2.12: (a)Objective function
Û F�DMH . (b) Simplifiedobjective function

Û F DMH .



46 CHAPTER2. MODELLING QUALITY AND WARRANTY COST



Bibliography

[1] Mendiratta,V.B. (2002).ModelingQuality andWarrantyCosts.
http://www.pims.math.ca/indus trial /200 3/ips w/Lu cent. pdf

47



48 BIBLIOGRAPHY



Chapter 3

In-Situ Thermal Remediationof
ContaminatedSoil

KatharinaBaamann1, CharlesBergeron2, ThalyaBurden3, HuaxiongHuang4, SametKadioglu5,
SergueiLapin6, BruceMcGee7, Anuj Mubayi8, JuanRestrepo9, Andrew Taylor10, Rex Westbrook10

Reportpreparedby HuaxiongHuang(hhuang@yorku.ca ),11 SergueiLapin (slapin@math.uh.edu ) and
Rex Westbrook(westbroo@math.ucalgary.ca )

3.1 Background

Recently, a methodfor removing contaminantsfrom soil (severalmetersundertheground)hasbeen
proposedby McMillan-McGee Corp. The processcan be describedas follows. Over a period of
several weeks,electricalenergy is introducedto the contaminatedsoil using a multitude of finite
lengthcylindrical electrodes.Currentis forcedto flow throughthesoil by thevoltagedifferentialsat
theelectrodes.Wateris alsopumpedinto thesoil via the injectionwell andout of thegroundat the
extractionwell. Thesoil is heatedupby theelectricalcurrentandthecontaminatedliquidsandvapours
areproducedat theextractionwell. The temperatureof thecontaminatedsoil, during theprocess,is
believedto reachthemaximumvalue(theboiling temperatureof water).Normally, theelectrodesare
placedaroundthecontaminatedsiteandtheextractionwell is locatedin thecentreof thecontaminated
region. Thedistancebetweentheelectrodesis usuallysevento eightmeters.Thedistancebetweenthe
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2ÉcolePolytechniquedeMontréal
3Universityof Kentucky
4York University
5FloridaStateUniversity
6Universityof Houston
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8Universityof Texas-Arlington
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11HH wishesto thankSeanBohunfor hishelpwhenthereportwasprepared.Hereadthroughourfirst draftandcleaned

up thenon-dimensionalizationprocedure.HH alsowishesto thankNSERCandPIMSfor their financialsupport.
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extractionwell andanelectrodeis aboutfour meters.Thediameterof theelectrodesis 0.2meterand
theextractionwell is 0.1meterin diameter.

Thereasonfor usingtheelectricalcurrentis that“flushing” thesoil usingwateraloneis noteffec-
tive for removing thecontaminants.By heatingup thesoil andvaporizingthecontaminatedliquid, it
is anticipatedthat rateof extractionwill increaseaslong asthe recondensationis not significant. A
majorconcern,therefore,is whetherrecondensationwill occur. Intuitively, onemight speculatethat
liquid phasemaydominatenearthe injectionwell. Moving away from the injectionsite towardsthe
extractionwell, dueto thecombinedeffectsof lowerpressureandhighertemperature(from heating),
phasechangeoccursanda mixture of vapourandliquid mayco-exist. Theremayalsobea vapour-
only region,dependingon thevaluesof temperature,pressure,andotherparameters.In thetwo-phase
zone,sincevapourbubblestendto risedueto thebuoyancy force,andthetemperaturedecreasesalong
theverticalpathof thebubblesoutof theheatedregion, it is possiblethatthebubbleswill recondense
beforereachingtheextractionwell. As a consequence,theprobabilityexiststhatpartof thecontami-
nantsstayin thesoil. Obviously, to predicttransitionbetweensingle-phaseandtwo-phaseregionsand
to understandthetransportphenomenonin detail,a thermalcapillarytwo-phaseflow modelis needed.
However, to simplify the problem,herewe only considerthe casewhentwo-phasesco-exist in the
entireregion.

Themainobjectiveof thismodellingexerciseis to determinethenecessaryvacuumpressure(pres-
suredrop from theelectrodesto theextractionwell) so that thechemicalbubblesareremovedat the
extractionwell beforethey risetoo highandcondenseto theliquid state.

3.2 Flow and TemperatureFields

To make the problemtractable,we consideran idealisedsituationwherethe extractionwell andan
electrodeare both placedat the centreof a circle and the currentas well as the mixture of liquid
andvapourareflowing towardsthecentre.Thedomainof interestbecomesa cylindrical region with
theextractionwell andanelectrodeat thecentre.To furthersimplify theproblem,we assumeradial
symmetryandthe electricalcurrentis in the radial directiononly. Even with thesesimplifications,
the problemat handis still a complicatedoneandin principle a multi-phaseflow modelwill be an
appropriatestartingpoint. However, we take a simplistic approachin this reportby decouplingthe
complicatedprocessinto severalsub-processes.

First of all, sincethe main componentsin the systemare water andwater vapour, we will not
distinguishvariouscomponentsin thesystemandtreatit asaone-componentsystemwith two phases:
liquid andvapour. Secondly, we assumethat the two-phaseflow underconsiderationfalls into the
slug flow regime sincethe flow ratesare relatively low - typically in the rangeof _�] � N mP /s. As
a result, in the horizontaldirection D , the vapour(generatedby the heating)moveswith the liquid
phase.Therefore,we will not distinguishthetwo phasesanda single-phasemodelwill beusedwith
a commonradial mixture discharge velocity E . Furthermore,the massexchangehappensmainly in
the D directiondue to an appliedpressuredrop betweenthe extractionwell and the injection well.
Therefore,conservation of masswill be appliedto the horizontalvelocity componentonly. In the
vertical F directionthebulk of the liquid phaseis at rest,exceptthepartdisplacedby vapourdueto
buoyancy force.Following [4], the D -componentof thevelocity is determinedby theDarcy’s law
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EµH�e Î
³
¤
á
¤�D (3.1)

where Î is theeffective permeability, ³ is theeffective viscosity, and
á

is theeffective pressure.The
massconservation(assumingthatthevertical F componentis small)canbewrittenas

¤HG �¤HI n _
D

¤
¤�D
J DKE)G �

L H|]�Q (3.2)

ThemixturedensityG � andD -velocity E aredefinedas

G � HM$)G�NÏn J _�eO$ L G�P�L G � EµHM$)G�NQE�NÏn J _�eO$ L G�PBE�P
where $ is the liquid volumefraction(saturation),E�N and E�P arethe liquid andvapourvelocity com-
ponentsin the D -direction,G�N andG�P aretheliquid andvapourdensities.

The temperatureof thesoil, liquid andvapourmixture is determinedby theenergy conservation
law

G�È ¤HR¤�I n'G � È � E
¤�R
¤�D H _

D
¤
¤�D S D

¤�R
¤�D n�¶�½ÃÌ ½ N eOTVU�L (3.3)

where¶V½ÃÌ«½ N is theJouleheatingof thesoil with antheelectricalresistivity ¶ andelectricfield Ì . The
term TWU representstheheatlost in theformationof thebubbleswith T is the latentheatof vapour-
izationof thefluid and U themassrateof vapourization.Thesoil fluid mixtureis characterizedby a
heatcapacityG�È andthermalconductivity S . Notethatwe have assumedthat thereis no temperature
variationin thevertical F direction.

Now, we usedimensionalanalysisto furthersimplify (3.1)-(3.3),by keepingthedominantterms.
With this in mind wemake thefollowing assignments:á

H
á
� nYX
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Z
I�L]EµH "
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wherethequantitieswith hatsaredimensionlessandthecollection »�X
á
L�"�L�%�¿ arerepresentativeval-

ues.Underthis assignmenttheexpressionfor thepressurebecomes

¤ ZG �¤
Z
I e %�Î

³
X
á
" N

_ ZD
¤
¤ ZD

ZD ZG �
¤
Zá

¤ ZD H|]�Q
Representativevaluesfor thevariousquantitiescanbefoundin Table3.1.Typicalordersof magnitude
in SI units [8] are "�· _�] , %|· _�] v , Îñ· _�] � S , ³p·b_�] � P and X

á
· _�] v yielding %�Î^X

á
q J ³_" N L ·

_�] Na` _ . Consequentlythe temporalvariationsof
ZG � canbe ignoredto first approximationgiving a

pressurefield expression12

_ ZD
¤
¤ ZD

ZD ZG �
¤
Zá

¤ ZD Hu]�Q (3.4)

Turningto theexpressionfor thethermalenergy we make thefurtherassignmentthat

RuHYR � nYXbR
Z
R�Q

12For thepurposesof thedimensionalanalysistherelativepermeabilityhasbeentakenasa constant.
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Theexpressionfor thetemperaturebecomes
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The first two termshave coefficientsof G�È · _�] w and G � È � · _�] w . Sincethe thermalconductivity

S · _�] , the coefficient of the third term hasa magnitudeof % S qd" N · _�] gce fdgih indicating that
diffusion of the temperaturefield can be ignoredto first order. For the last two termswe use[8]XbRkj flgim , nWoqpro m j fdgis , Ttj fdgih and U j flgvuxw giving nyo�pro mBz|{ XbRkj fdgih and TWU z|{ XbRkj flgi}
andto first orderthetemperaturefield satisfies

G)~
� ZR� ZI

� G��v~�� ZE
� ZR� ZDY�

nWoqpro m
XbR z���g�� (3.5)

We shouldmentionthat the phase-changeterm may becomeimportantwhen the massrate U in-
creases.In thatcase,thetemperatureandtheflow fieldswill becoupledandnumericalor asymptotic
methodshave to beused.

DroppingthehatnotationandassumingG�� is spatiallyuniformallow oneto express(3.4)and(3.5)
as

f
D
�
� D D

���
� D ��g�� (3.6)

G)~
� R� I

� G��H~��iE
� R� D �

nWo�p�o m
XbR z|� (3.7)

Finally, we usethe motion of a long gasbubble insidea small channelto describethe relative
vapourrising velocity in thevertical F directiondueto buoyancy force. This problemwasfirst inves-
tigatedby Taylor [11] andstudiedsubsequentlyby many researchersasa modelto gain insightsinto
slugmulti-phaseflows (in oil andgasrecovery) [2, 7, 9, 10,12].

For low viscosityandhigh surfacetensionsystemssuchasthe water-vapourtwo phaseflows in
a moderate-sizedcircular tube,TungandParlange[12] proposedthat the terminalvelocity �x� of the
rising bubbleis givenby thephenomenologicalexpression

�x� � gH�#��������� � gH�#�������XbG � � ���[�������b��gH�#����  � m� J XbG L m
¡£¢ s

(3.8)

where� is thediameterof thetube,� is thesurfacetensioncoefficientand XbG � G�¤ � G�P is thedensity
differenceof the liquid andvapour. Note that for a sufficiently small tube, ���¥�!�_��� , this formula
predictsthevapourslugvelocitybecomeszero.

On theotherhand,experimentalinvestigationsin micronon-circularchannelshaveshown thatthe
elongationalbubblesalwaysrise even for a channelwith effective diameterassmall as0.866¦ flg uxs
meter[1]. More recently, numericalsimulationof long gasbubblesrising throughmicro channels
with triangularand rectangularcrosssectionfilled with stagnationliquid hasbeencarriedout [7].
The terminalvelocity of the rising bubbleasa function of the effective diameteris given in a non-
dimensionalform as

Ca � ~ ¡ Eo§�¨ � ~�m Eo§l© (3.9)
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Figure3.1: Illustratedis thecapillarynumberasa functionof theEötvösnumberfor channelswith a
triangular(solid)andsquare(dotted)crosssection.

wherethecapillarynumberCaandtheEötvösnumberEoaredefinedas

Ca �«ª �x�
�
� Eo �¬¯® ���!m

�
�

The parameters~�° and � ° arefit usingnumericalresults. Figure3.1 illustratesthis relationshipfor
channelswith a triangularandrectangularcrosssection.

3.2.1 Pressure

Now let usconsiderthefollowing equationfor thepressuredistribution in thesystem,assumingthat
therelativepermeabilityis aconstantonehasequation(3.6)

�
�H± ± �)��H± ��g

with boundaryconditions �=²6±�³µ´ � ��³ � �1²#±!¶·´ � ��¶ �
where

±�³
is the radiusof the domain(wherethe injection well is placed)and

±�¶
is the radiusof the

extractionwell,
��³

is thepressureat theextractionwell and
��¶

is thepressureat theelectrode.The
solutionto this equationis

�1²#±¸´ � ²
��³
�
��¶l´º¹¼» ± � ¹½»

±�¶
¹¼» ±!³ � ¹¼»

±�¶ � ��¶ � (3.10)
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3.2.2 Velocity

We have two equationsfor velocity distribution: lateral velocity andvertical velocity. Let us first
considerequationfor lateralvelocity field:

¾ � �
¿
ª
� �
� ± � (3.11)

Usingexpression(3.10)wefind
¾ � �

¿
ª

��³
�
��¶

¹½» ±�³ � ¹½»
±�¶ f± � (3.12)

For the vertical componentof the vapourvelocity, we usethe dimensionalform of (3.9), which
gives

�x� � �
ª ¤ Ca � �

ª ¤ ~ ¡ Eo§ ¨ � ~Àm Eo§ © � (3.13)

Fromwhichwecanobtainthe(average)dischargevelocity in theverticaldirection

�xÁ �ÃÂµÄ ² f �OÅ
´ �x� �ÆÂµÇÉÈ�Ê (3.14)

where È�Ê<� ¬b® ���!m!{ ² � ª ¤ ´ is a representative terminalvelocity of the rising vapourbubbles,and Â
is thetortuosityfactorof thebubblein theporousmediarelative to theterminalvelocity of a vapour
bubblein straightverticalchannelwith diameter� . Thefactor

Ç��MÄ ² f �YÅ
´ �
ª ¤ È�Ê ~ ¡ Eo§�¨ � ~Àm Eo§l© (3.15)

where Ä is theporosityof themedium

3.2.3 Temperature

AssumingconstantelectricalcurrentinsidetheelectrodeË�Ì , themagnitudeof theelectricalfield in the
porousmediumcanbewrittenas p � ËBÌ { ² ��Í ± n_Î ´ whereÎ is theheightof theelectrode.Theenergy
equation(3.7)canbewritten in theform

��Ï
��Ð �kÑ±

��Ï
�H± � Ò± m (3.16)

with initial andboundaryconditions

Ï=²6± �dg ´ � Ï�Ó�²#±¸´ �Ï=²6±�¶ � Ð·´ � Ï_¶ (3.17)

with
Ï�Ó�²6±^´ � Ï_¶ for g�Ô ±ÖÕY±�¶ andwhere

Ò �
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Here we have replaced¾ by the volumeflow rate × using the relationship × � � ��Í
± Î ¾ . Unlike

pressure,the temperatureof the systemis time dependent.In order to solve (3.16)-(3.17)we use
methodof characteristicswhich givesus:

Ï=²#± � Ð·´ �
Ò
Ñ ¹¼»

±
Ø ± m � � Ñ

Ð � Ï�Óv² Ø ± m � � Ñ
Ðd´ � ± � ± m¶ � � Ñ Ð

Ò
Ñ ¹¼»

±
±�¶ � Ï_¶ � ± Ô ± m¶ � � Ñ Ð �

(3.18)

3.3 Transport of Contaminants

Let ÙyÁ and Ùy¤ bethemassconcentrationof thecontaminantin thevapourandliquid phase.Thetotal
amountof contaminantis conservedandsatisfies�

�HÐ ² ÙyÁ � Ùy¤ ´ �ÛÚ[Ü ²�Ý¾ Á!ÙyÁ � Ý¾ ¤ÞÙy¤ ´ ��g

with
Ý¾ ° �àß ¾ ° � ��°�á beingtheradialandverticalcomponentsof thevelocity vectorof eitherthevapour²#â � � ´ or liquid

²#â �[ã ´ phase.
Fastreactionassumptionyields

Ùy¤ ��ä ÙyÁ
where äå� � ¦ fdg u�æ_ç�è ¢·é�ê ç�ëíì
with [8] î � �H�#g���ï , ð � fd����ïH�#��f and Ù � ��fd� . Here

Ï
and

�
are temperatureand pressure,

respectively. Eliminating Ùy¤ givestheexpression
�
��Ð ² f � ä ´ ÙyÁ � ÙyÁ ÚñÜ ²iÝ¾ Á � ä Ý¾ ¤ ´ � ²�Ý¾ Á � ä Ý¾ ¤ ´ Ú ÙyÁ �MgH� (3.19)

Therefore,assumingthat ä is independentof time,wehave

�
��Ð ÙyÁ � ÙyÁf � ä Ú[Ü ²iÝ¾ Á � ä Ý¾ ¤ ´ �

Ý¾ Á � ä Ý¾ ¤f � ä Ú ÙyÁ ��gH� (3.20)

Solvingby themethodof characteristics,we have

� ÙyÁ� Ð � ÙyÁf � ä Ú[Ü ²�Ý¾ Á � ä Ý¾ ¤ ´ ��g (3.21)

wherethecharacteristicbasecurvesaredeterminedby thetwo ODEs

� ±
� Ð � ¾ Á � ä ¾ ¤f � ä �
�vò
� Ð � �xÁ � ä �x¤f � ä �
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Fromthesewe have � ±
��ò �

¾ Á � ä ¾ ¤
��Á � ä �x¤ � (3.22)

Fromtheflow andtemperaturemodelwehave

¾ ¤ � ¾ Á � �
×

��Í ± Î � �x¤ ��g�� �xÁ �YÂ_ÇóÈ�Ê

where × is thevolumeflow rateat theextractionwell, Ç is givenby (3.15)andÂ is a freeparameter.
Assumethata parcelof contaminantat thebaseof theinjectionelectrode( òa�ôg , ± � ±�³ ) moves

towardsthe extractionelectrodelocatedat
± � ±�¶ Ô ±!³

. Accordingto equation(3.22) the vertical
displacementof thisparcelis givenby themonotonicallyincreasingfunction

òÉ� ��Í Î1�xÁ×
õ�ö
õ

÷
f � ä � ÷ �

If we let ø be the heightabove the contaminantregion which hasbeenheatedup by the electrodes
thentheparcelwill besuccessfullyextractedprovidedit reaches

± � ±�¶ before ò�� ø . Let ò ¶ �ùò ²6±�¶·´
denotetheheightof this characteristicwhenit reachestheextractionwell

± � ±�¶
. By assumingthat

thefactor f � ä doesnot vary significantlyover the interval
±�¶ÉÕñ±\Õñ±�³

theconditionthat ò ¶ÉÕ ø
canbeconvertedinto a lowerboundon thevolumetricflux of

× � Í_Â_Ç Î È�Ê ²6± m³ �
± m¶ ´

ø ² f � ä ´ �

With Î �[ú m, ø �kf m,
±�³ �ñú m,

±!¶ �[g m, ¬b® �ûfdg s kg/ms , ª ¤ �kflg uxs Pa s,and Âü�ñgH�#g�f , for a
meanthroatsizeof ����fdgHuxs m, weobtain ÇM�ýf��#� ¦ fdgvuxw for amediumwith squarechannels.Based
on thesevalues,we cancomputethevalueof × �ý H�½ï ¦ fdgHuxw ms /s. Thecalculationwasdonebased
on theparametervalueslisted in Table3.1. We notethat thereis no physicalbasisfor choosingthis
value. However, viewing thepossibility thatbubblesmayget trappedin a particularporousmedium,
it is notunreasonableto expectthatit will takeamuchlongertime for thebubblesto travel vertically.

3.4 Conclusionsand Recommendations

In this reportwe have proposeda simplemodel for estimatingthe transportof contaminantsusing
thermalremediation.Basedon themodel,theminimum extractionrateof fluid is calculatedandits
valueis within thepracticalrange.However, many questionsremainunanswered.For example,we
havenotaddressedtheeffectof temperaturevariationin theverticaldirectionandneartheedgeof the
heatedzone.We have not attemptedto examinetheeffect of possiblecondensationnearthecold/low
pressureregion. Finally, we have not consideredthe possibility that bubblesmay be trappedin the
isolatedporespaceandtheeffectsof heatingandtheaccumulationof vapourbubbleson thesoil.

We shouldalsomentionthatwe havenot tried to identify transitionsbetweenliquid-only, vapour-
only andtwo-phaseregionsandthe transportationof contaminantsin the liquid andvapouronly re-
gions. However, this maynot beascritical asotherissuessinceit is relatively simplerto determine
thevelocityof theliquid or gasin theone-phaseregion.
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Data Symbol Value

OperatingProperties
MaximumTemperature

Ï �_þ3ÿ fdg�g�� C
Initial Temperature

Ï ����� ��g�� C
Initial Pressure

�)Ó
101.325kPa

TargetThickness Î 5 m
ElectrodeLength

� ¶
5 m

ElectrodeSpacing � ¶ 10 m
ExtractionWell Spacing ��� 10 m

PhysicalProperties
Initial Permeability13 ¿

10.0mD
Viscosity14 ª 1.0cP
SurfaceTensionof Water15 � 0.0717N mu ¡
ProducingPressureDrop ¬ � 500kPa
TotalHeatCapacity ® ~ �H�#ï ¦ fdgih J muxs K u ¡

Table3.1: InputDatafor thesamplecalculations.

Evidently further improvementsareneededbeforethe modelcanbe usedfor predictionand to
answertheotherissuesraised.In particular, aproperflow andtemperaturemodelmustbederivedand
reference[5] shouldprovide a goodstartingpoint wherethermaltwo-phaseflow in porousmediais
discussed.Secondly, theeffectsof thephasechange(vapourizationandcondensation),capillarypres-
sureandtheexistenceof vapouronly regions,whichhavebeenneglected,maybeimportantin certain
domains,especiallyneartheboundaryof theheatedzonewherethechangeof soil temperatureis more
significant.Modelsanalyzingcondensationandvapourizationin porousmediahave beenstudiedfor
otherapplicationswhichmaybehelpful,seefor example[3] andreferencestherein.Finally, theeffect
of differenttypesof porousmediaandtheimpactof heatingandvapourbubblesmaybeimportantas
well. Modelsof gaspenetratingelasticmediahavebeenstudied[6], whichmaybeusefulif fracturing
of themedianeedsto beconsidered.

131 Darcy = �	� 
������������� m� .
141 centipoise= ���������� kg m ��� s����� ���������� Pa s.
15at !#"�$ C.
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Chapter 4

Tracking and Identifying of Multiple Targets

JohnHoffman1, ChristianKetelsen2, MichaelKouritzin3, AlfonsoLimon4, Yuriy Mileyko5,
KerianneYewchuk3

Reportpreparedby KerianneYewchuk(kyewchuk@ualberta.ca ), ChristianKetelsen(cketelsen@wsu.edu ),
AlfonsoLimon (alfonso.limon@cgu.edu ) andYuriy Mileyko (ym4@njit.edu )

4.1 Intr oduction

Therearemany statisticalmethodsof trackingsingleandmultiple targets; this manuscriptwill fo-
cuson thestateestimationproblem. Ideally, a generalizationof the recursive Bayesnon-linearfilter
would trackandresolve thestate(s)of singleor multiple targets,but thatis currentlycomputationally
intractable.TheProbabilityHypothesisDensity(PHD) makesthetrackingproblemcomputationally
feasibleby propagatingonly the first-ordermulti-target statisticalmomentsby usinga particlefilter
implementationfor thePHD.Theproblemthenbecomesoneof estimatingthetargets’statebasedon
theoutputof thePHDwhenusinga particlefilter implementation.

This paperdescribesoneheuristicmethodfor obtaininga stateestimatorfrom thePHD. Theap-
proachusedin this paper, basedon the Expectation-Maximization(EM) algorithm,views the PHD
distribution asa mixture distribution, and the particlesasan i.i.d. samplingfrom the mixture dis-
tribution. Using this, a maximumlikelihoodestimatorfor the parametersof the distribution canbe
generated.TheEM seemsto work fairly well, particularlywhentargetsarewell spaced.

4.2 ProblemDescription

Theproblemis oneof trackingandidentifyingafinite setof multipletargetsby meansof datacollected
from a setof multiple sensors.Themotionof eachtarget is modelledasa discretetime, continuous
spaceMarkov process;it is alsoassumedthattargetsmoveindependently. Theexactnumberof targets

1LockheedMartin
2WashingtonStateUniversity
3Universityof Alberta
4ClaremontGraduateUniversity
5New Jersey Instituteof Technology

61



62 CHAPTER4. TRACKING AND IDENTIFYING OF MULTIPLE TARGETS

is unknown andmay changewith time dependingon the correspondingbirth/deathmodel. At each
time step

¿
, theobservations �&%¡ �i�i�i�d� �&%' aregatheredfrom thesensorsuite. Theseobservationsare

affectedby clutter;theamountof clutteris modelledusingaPoissondistribution.
The PHD is a computationallyefficient meansof solving the trackingproblem;however, it does

not provide an estimateof the targets’ states.Our approachfor solving this part of the problemis
describedin section4.4.

4.3 TargetTracking and the PHD

Considera single-sensor, single-target problem. Let ( % be the target statevariableat time step
¿
,

and ò % the observation at time step
¿
. Assumethat ( % is a Markov processwith initial distribution) Óv² ( Ó!´ andtransitionequation) % ç ¡�* %
² ( % ç ¡ o ( %

´
. Also assumethattheobservationsò % areconditionally

independentgiven the process( % andof marginal distribution ) ² ò % o ( %
´
. In this case,the recursive

equationsfor theposteriordistributioncanbewrittenas

) % ç ¡�* %
² ( % ç ¡ o+� %

´ � ) % ç ¡�* %
² ( % ç ¡ o ( %

´ ) % * %
² ( % o+� %

´ � ( %
) % ç ¡�* % ç ¡

² ( % ç ¡ o+� % ç
¡ ´ � ) ² ò % ç ¡ o ( % ç ¡

´ ) % ç ¡�* %
² ( % ç ¡ o+� %

´
) ² ò % ç ¡ o ( % ç ¡

´ ) % ç ¡�* %
² ( % ç ¡ o,� %

´ � ( % ç ¡
�

where6 � % �.-Hò ¡ ���i�i����ò %
/
. Thetargetstateestimatorscanbegivenby

0( ' æ�1% ç ¡�* % ç ¡ �32�4658769;:� ) % ç ¡�* % ç ¡
² ( o,� % ç ¡ ´ � 0(=< æ�1% ç ¡�* % ç ¡ � ( ) % ç ¡�* % ç ¡

² ( o,� % ç ¡ ´ � ( �

where
0( ' æ�1% ç ¡�* % ç ¡ and

0( < æ;1% ç ¡�* % ç ¡ aretheBayes-optimalmaximuma posterioriandexpecteda posteriori
estimators,respectively.

The generalizationof the above equationsfor the multiple-sensor, multiple-target systemis not
quite obvious. The target stateis not just one randomvectoranymore. The numberof targets,as
well as their positions,velocities,identities,etc.,areall unknown andshouldbe treatedasrandom
variables. To dealwith this, the tool of finite-setstatistics(FISST)canbe used. It is basedon the
following ideas[1]:

> Introduceanotionof asingle“global sensor”thatencompassesthewholesensorsuite.

> Introduceanotionof a “global target” with multi-targetstate? �.- ( ¡ �i�i�i�d� (=@ / .
> Regardthe setof observations, � �A-Hò ¡ ���i�i����òCB / , asa “global measurement”of the “global

target.”

> Usethe multi-sensor/multi-target measurementmodel, which is a randomlyvarying set D �Ï=² ? ´�E Ù ² ? ´ , to modelmulti-targetmulti-sensordata. Here
Ï=² ? ´ denotestargets’ dataandÙ ² ? ´ denotesclutter.

6Conditioningon FHG is by definitionthesameasconditioningon I G �KJMLNFHG�O .
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> Usethe multi-target motionmodel, which is a randomset P % ç ¡ �AQ %
² ?R� �iÈ %

´
, to model the

motionof multi-targetsystems.

Theseideasmake it possibleto reformulatemulti-sensor, multi-targetproblemsassingle-sensor,
single-target problems.The processof reformulationreliesheavily on the notion of the belief-mass
function,which is ageneralizationof theprobability-massfunction(see[2]). TheFISSTmulti-sensor
multi-targetdifferentialandintegral calculusintroducesthesetintegral andthesetderivative, which
areusedto statetheproblemin rigorousmathematicalterms.Omitting all thedetails(in [1] and[2]),
theresultingrecursiveequationsare

) % ç ¡�* %
² ? % ç ¡ o+�

é % ì ´ � ) % ç ¡�* %
² ? % ç ¡ o ? %

´ ) % * %
² ? % o,�

é % ì ´TS ? %
) % ç ¡�* % ç ¡

² ? % ç ¡ o+�
é % ç ¡ ì ´ � ) ² � % ç ¡ o ? % ç ¡

´ ) % ç ¡�* %
² ? % ç ¡ o,�

é % ì ´) ² � % ç ¡ o+U
´ ) % ç ¡�* %

² Uro+� é % ì ´6S U
�

where ? % is a multi-target state, V % * %
² ? % o,�

é % ì ´ is a multi-target posteriordensity, and V ² �ao,U ´ is a
multi-sensor, multi-targetlikelihoodfunction.

Notethattheintegralsin theaboveformulaearesetintegrals,thecomputationof which is veryex-
pensive. Actually, evenin single-targetproblems,therecursiveequationsaretoocomplicatedto calcu-
lateexplicitly. Therefore,someapproximationshouldbefound. It turnsout that,whensignal-to-noise
ratio (SNR)is high enough,thefirst-ordermoment,

0V % * % � (�V % * %
² ò o,�&% ´ � ( , is a goodapproximation

for single-targetproblems.Unfortunately, it is not possibleto usethis straightforwardgeneralization
for multipletargetproblems,becausetheintegral ?WV % * %

² ? o,� é % ì ´TS ? cannotbedefined.Theproblem
is resolvedby usingsomefunction ø thatmapsthestate-set? into avectorspace.Then,thefirst-order
momentis computedindirectlyas

pYX�ø ² P %
´6Z � ø ² ? ´ V % * %

² ? o,� é % ì ´TS ? �
Oneof thepossiblechoicesfor thefunction ø is ø ² P %

´ � S\[M] , where
S\[M]K² ( ´ � ³_^N[M] SB³|² ( ´ . This

makesthefirst-ordermoment,denotedby ` % * %
² ( o+� é % ì ´ , theprobability hypothesisdensity(PHD). It

hasthe propertythat ab` % * %
² ( o+� é % ì ´ � ( is the expectednumberof targetscontainedin the region c

(for further informationaboutthe PHD see[2]). If the SNR andthe signal to clutter ratio arehigh
enough,and the multi-target systemhasa zerocovariance,then the PHD is a goodapproximation
for theunnormalizedmulti-targetposteriordensity, andanexplicit recursive equationcanbederived
for ` % * %

² ( o+� é % ì ´ (see[1]). In general,thetime updateequationdependson themotionmodel,which
normallyincludesbirth anddeathof targets.

` % ç ¡�* %
²ed o+� é % ì ´ � ² � % ç ¡

² ( ´ V % ç ¡�* %
²ed o ( ´ � Ñ % ç ¡�* %

²fd o ( ´B´ ` % * %
² ( o,� é % ì ´ � (

where � % ç ¡
² ( ´ is theprobability thata targetwith a state( at time-step

¿
will disappearat time-step¿ � f , and Ñ % ç ¡�* %

²fd o ( ´ is thePHDof themulti-targetdensityg Ñ % ç ¡�* %
² ? o ( ´ thatdescribesthelikelihood

thata targetwith a state( at time-step
¿

will generateaset? of new targetsat timestep
¿ � f .

Assumingthatthereareno birthsanddeaths,theaboveequationreducesto

` % ç ¡�* %
²fd o,� é % ì ´ � V % ç ¡�* %

²fd o ( ´ ` % * %
² ( o+� é % ì ´ � ( � (4.1)
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Theapproximateformulafor theobservationupdateis

` % ç ¡�* % ç ¡
² ( o+� é % ç ¡ ì ´ih j ^#k ]ml ¨

)on V ² ò o ( ´ ` % ç ¡�* %
² ( o+� é % ì ´p

% ç ¡ ~ % ç ¡ � )Mn V ² ò o ( ´ ` % ç ¡�* %
² ( o,� é % ì ´ � (

�
� ² f � )Mn

´ ` % ç ¡�* %
² ( o,� é % ì ´ � (4.2)

Thus,anapproximationof thedistributionof thewholesetof targetsateachtimestepcanbecomputed
quiteefficiently. Thequestionthenarisesasto how thestateof eachseparatetargetcanbeestimated.
A new approachto this problemwasproposedandis describedin the next sectionalongwith other
existingapproaches.

4.4 StateEstimation and the EM Algorithm

Using the resultsof the previous section,it is assumedthat at time step
¿

the function ` % * %
² ( o+� é % ì ´

is given. Integratingit over the wholespace,the expectednumberof targetscanbe computed.The
questionthenbecomes:how canthis informationbeusedto find thestateof eachtarget?

Oneof the existing approachesis basedon peakdetection. The ideais very simple. Whenthe
expectednumberof targetsis q andthefunction ` % * %

² ( o,� é % ì ´ has q local maxima,it is reasonable
to assumethat targets’ statesarelocatedat the pointswherethosemaximaareachieved (seeFigure
4.1). Therearesomedifficultieswhentargetsarelocatedvery closeto eachother; for example,the
numberof local maximamaybesmallerthantheexpectednumberof targets(seeFigure4.2).

Figure4.1: Expectednumberof targetsis 3, sothetargetsareassumedto belocatedundereachpeak.

Anotherapproachis basedon clusteringalgorithms,which areubiquitousin thepatternrecogni-
tion community. SincethePHD, ` % * %

² ( o,� é % ì ´ , is representedasa setof particles(seesection4.5.2),
it is reasonableto expect that particlesareclusteredaroundeachtarget. Applying a clusteringal-
gorithm, the loci for the targetscanbe computed.Oneof the mostpopularclusteringalgorithmsis
NearestNeighbourClustering.It usuallygivesgoodresults,but thetime neededto constructtheloci
is quadraticin thenumberof particles.Also, non-intuitiveclustersareconstructedin somecases.
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Figure4.2: Expectednumberof targetsis 4, so thereis no naturalway to determinetargets’ statesusingjust
thelocationof therelative maxima.

Thenew approachis basedonthefollowing idea.SupposethatthePHD, ` % * %
² ( o+� é % ì ´ , is amixture

of Gaussiandensitieswith unknown meansandcovariancematrices,i.e.,

` % * %
² ( o+� é % ì ´ �

'
°sr ¡ Å °mt °

² ( o ª ° � DW° ´ � ) ² ( o+u ´ �

where q is the expectednumberof targets, u �v- Å ° � ª ° � DW°
/ '°wr ¡ , and Å ° satisfy

'°sr ¡ Å ° �yx . The
likelihoodof theseparametersgivendata z is

{ ² u=o+z ´ � |
°sr ¡
) ² ()°8o+u ´ �

It is reasonableto expectthat maximizationof the likelihood,usingthe setof particlesrepresenting
thePHDasthedataz , shouldgivethevaluesof theparameters,u�} �~2�4\5���2���� { ² u�o+z ´ , whichwill
provide a goodapproximationfor ` % * %

² ( o+� é % ì ´ . Thenthe means,ª }° , shouldbe goodestimatorsfor
thestatesof targets.

The difficult partof this processis the maximizationof the likelihood. The usualalgorithmsfor
non-linearoptimizationmay not be efficient in this case,sincethe numberof parametersis quite
large. Therefore,theneedfor morerobust techniquesarises.Onesuchtechniqueis theExpectation-
Maximization(EM) algorithm.

4.4.1 Expectation-Maximization Algorithm

Supposethedataz for maximum-likelihoodestimationis incompleteor hasmissingvalues7. Assume
thatthereexistsacompletedataset � � ² z ��� ´ , where � is missinginformation.Let

) ² ò o+u ´ � ) ² ( � d o+u ´ � ) ²fd o ( � u ´ ) ² ( o+u ´
7Sometimesit is convenientto assumethat therearesomemissing(or hidden)parametersto simplify theexpression

for thelikelihoodfunction.
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bea joint densityfunction. Thena new likelihoodfunction is
{ ² u=o,� ´ � { ² u=o,z ��� ´ � ) ² z ��� o+u ´ .

Note that it is a randomvariable,since � is supposedto be unknown and random. So, it can be
assumedthat

{ ² u=o,z ��� ´ � øM��� � ² � ´ for somefunction øo��� � , where z and u areconstantand � is a
randomvariable.

TheEM algorithmconsistsof two steps.

1. Computetheexpectedvalueof thelog-likelihood,i.e.

� ² u � u é °£u ¡ ì ´ � pYX ¹�� 5 ) ² z ��� o�u ´ o,z � u é ° u ¡ ì Z �

where u é ° u ¡ ì are currentparameterestimates,z is the observed data,and � is the random
variablewith respectto which theexpectedvalueis computed.Notethat u is anormalvariable,
so
� ² u � u é ° u ¡ ì ´ is a normalfunctionof u .

2. Maximizetheexpectationcomputedin thefirst stepandfind

u é ° ì �~2�465���2��� � ² u � u é ° u ¡ ì ´ �

Thesetwo stepsare repeateduntil somestoppingcriterion is satisfied. It can be demonstrated
that eachadditionaliteration increasesthe log-likelihood; therefore,the algorithm is guaranteedto
convergeto a local maximumof thelog-likelihoodfunction.

4.4.2 Mixtur e-DensityParameter Estimation

To returnto thestateestimationproblem,recallthatthePHD is supposedto bea mixtureof Gaussian
distributionswith unknown parameters.Thelog-likelihoodfunctionis in this case

¹�� 5 ² { ² u=o,z ´B´ � |
°wr ¡ ¹��

5 ² ) ² ()°�o+u ´B´ � |
°wr ¡ ¹��

5 '
� r ¡ Å

� t ² ()°·o ª � � D � ´ �

Supposethat the data z is incompleteandthat thereexists an unobserveddatum ���- d ° / |°wr ¡ . Letd °�� -�x��i�i�i�d� q / and
d ° � ¿

if the
â Ìe� sample,()° , wasgeneratedby the

¿ Ìe� Gaussiancomponent,
i.e. the componentwith the mean ª % and the covariancematrix D % . Then the expressionfor the
log-likelihoodcanberewrittenas

¹�� 5 ² { ² u=o,z ��� ´B´ � ¹�� 5 ²��1² z ��� o�u ´�´ � |
°sr ¡ ¹��

5 ²
�=² ()°8o d ° ´B�=²ed�´�´ � |
°wr ¡ ¹��

5 ² Å=�T� t
² ()°·o ª �T� � D �T�

´�´ �

Obviously, theproblemis thatvaluesof � areunknown. Assumingthat
d ° arerandomvariables,it is

possibleto applytheEM algorithm.Let u�� � ²
Å � ¡ �i�i�i�d� Å �' � ª � ¡ �i�i���d� ª �' � D � ¡ �i�i����� D �'

´
besomeguess.
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Omitting a few details(whichcanbefoundin [3]) theexpressionsfor u � ç ¡ are

Å �
ç ¡¤ � x

t |
°wr ¡
) ² ã o ()° � u � ´

ª � ç ¡¤ � |°wr ¡ ()° ) ² ã o ()° � u � ´
|°sr ¡ ) ² ã o ()° � u � ´

D � ç ¡¤ � |°wr ¡ ) ² ã o ()° � u � ´!² ()° � ª �
ç ¡¤ ´!² ()° � ª �

ç ¡¤ ´ ê
|°wr ¡ ) ² ã o ()° � u � ´

�

where ) ² ã o ()° � u � ´ � Å �¤ t
² ()°·o ª �¤ � D �¤ ´'

% r ¡ Å �% t
² ()°·o ª �% � D �%

´ �
Only somedistributionsallow derivationof analyticexpressionsof u � ç ¡ , andtheGaussiandistribution
is oneof these. In general,somenumericalprocedureshouldbe usedto maximizethe expectation� ² u � u � ´ . Using the above formulaeandsomereasonablestoppingcriterion, the estimatesfor the
targets’states,ª }¤ , ã���xd�i�i�i�d� q , canbefoundefficiently at eachtime step.

4.5 Numerical Simulation

To testthestateestimationmethodbasedon theGaussianmixtureassumptionandtheEM algorithm,
severalnumericaltestsweredone.Themodelusedfor thetestswasa racingcarmodel,andthePHD
methodwasimplementedusingasimpleparticlefilter.

4.5.1 Model

Supposecarsareracingon a circle of length
�

with velocitiesin the range X � Ñ � � Ò
Z=E X Ò � Ñ Z , where

thesign definesa directionof motion. The initial positionsandvelocitiesof thecarsaredistributed
uniformly on intervals X�� � � ´ and X � Ñ � � Ò

Z�E X Ò � Ñ Z , respectively. Themotionof thecarsis describedby

( % ç ¡ � ( % � � % �� % ç ¡ � ² � % � t
² � � n mÁ ´B´!² � ð ² ) ´ � x

´ �
where( % is apositionof acarat timestep

¿
, � % is thevelocityof acarat timestep

¿
, t ² � � n mÁ ´ denotes

Gaussiannoisewith avariancen mÁ , and ð ² ) ´ is abinomially distributedrandomvariable(ateachtime
step,it is x with probability ) and � with probability x � ) ). Sincethe track is a circle, whena car
crossesoneof theboundaries(i.e., its positionbecomesgreaterthan

�
or lessthan � ) it continuesits

motionfrom anotherboundary. Also notethatthis motionmodelis highly non-linear, sincevelocities
randomlychangenotonly in magnitudes,but alsoin directions.

Theobservationpartof themodelis definedasfollows: Theprobabilityof observinga target(car)
is
� n , theamountof clutterhasPoissondistributionwith amean

p
, andtheclutteritself is distributed

uniformly on theinterval X+� � � ´ . Theobserveddatais

ò % � ( % � t
² � � n m� � ´ �
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where t ² � � n m� � ´ is Gaussiannoisewith a variancen m� � . To simplify computations,thereis alsoa no
births,nodeathsassumption.

Thecomputationsweredoneusingthefollowing valuesfor theparameters.Thelengthof thetrack,� �Ax ��� ; velocitiesareconfinedto the range X � �H� � �
Z�E X �H�d� Z , so Ò �à�H� Ñ �� ; maximumnumber

of targetsequals  ; varianceof Gaussiannoisefor velocities, n mÁ � � ��x ; probability of retainingthe
samedirection, ) � � �#��ï ; probabilityof detectinga target,

� n � � �½� ; varianceof Gaussiannoisefor
observations,n m� � ��� ; meanof Poissondistribution for theamountof clutter,

p ��x � .
4.5.2 Interacti veParticle Filter

Notethatequations(4.1)and(4.2)containanintegral,whosecomputationrequiresa lot of effort. To
dealwith this problem,a sequentialMonteCarlomethodcanbeused.Oneof thesemethodsleadsto
theInteractiveParticleFilter. At eachtime step

¿
, thePHD is representedas

` % * %
² ( o+� é % ì ´ � q % * %t

|
°sr ¡
S\� �]�� ] ² ( ´ �

where
÷ °% * % aresimulatedrandomsamples,alsonamedparticles.Initially,

÷ °Ó * Ó arei.i.d randomsamples
uniformly distributedin X�� � � ´ ¦ ² X � Ñ � � Ò

Z�E X Ò � Ñ Z¼´ . Thenumberof particles,t , hasto besufficiently
large,so for thepresentedmodel t ��ú ����� wasused.Theinitial numberof targetscanberegarded
asa randomvariable

Ï
suchthat

¿ ��x��i�i����� q , where q is themaximumnumberof targets.Thus,
theinitial massof thesystemcanbecomputedastheexpectedvalueof

Ï
, i.e. q Ó * Ó � p�X Ï�Z . For the

presentedmodel q Ó * Ó ���H�#ú .
Themotionupdateis doneby settingq % ç ¡�* % � q % * % andmoving each

÷ °% * % accordingto themotion
of thetargets,i.e.

÷ °% ç ¡�* % �
÷ °% * %

� � % . Theobservationupdateis morecomplicated.First, thefollowing
integral shouldbecomputed

Ë ² ò ´ � V ² ò o ( ´ ` % ç ¡�* %
² ( o+� é % ì ´ � ( � q % ç ¡�* %t

|
°wr ¡ V

² ò o ÷ °% ç ¡�* %
´ �

Then,thetotalmassis

q % ç ¡�* % ç ¡ � ` % ç ¡�* % ç ¡
² ( o+� é % ç ¡ ì ´ � ( � j ^Nk ]ml ¨

� n Ë ² ò ´p
% ç ¡ ~ % ç ¡ �

� n Ë ² ò ´
� ² x �

� n ´ q % ç ¡�* % �

Thenext stepis computingweights

¡ °% ç ¡�* % ç ¡ � j ^Nk ]ml ¨

� n V ² ò o ÷ °% ç ¡�* %
´

p
% ç ¡ ~ % ç ¡ �

� n Ë ² ò ´
� ² x �

� n ´ q % ç ¡�* % �

Theseweightsareusedto resampletheparticlesusingthefollowing rule

�=² ÷ °% ç ¡�* % ç ¡ �
÷ �
% ç ¡�* %

´ � ¡ �% ç ¡�* % ç ¡
|¤�r ¡ ¡ ¤% ç ¡�* % ç ¡

�

Therefore,particleswith smallerweightsshouldeventuallydisappear. Theparticlefilter aswell asthe
EM algorithmwasimplementedusingtheMatlabsoftwarepackage.Thecodefor themainroutinesis
givenin theAppendix,andresultsof thecomputationsarepresentedbelow.



4.5. NUMERICAL SIMULATION 69

0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40

50

60

70

80

90

100

Track

T
im

e

Targets with clutter

Figure4.3: Motion of two targets.
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Figure4.4: Trackingof two targets.

4.5.3 Results

First, the work of the Interactive Particle Filter is presented.In Figure4.3, observationsareshown;
trajectoriesof targetsare indicatedby dots, while clutter is marked by crosses.The output of the
particle filter is illustratedin Figure 4.4. Note how particleseventually clusteraroundthe targets.
Takinginto accountarelatively smallnumberof particles,thePHDgivesagoodresult.Anotherproof
of theefficiency of thePHD is thegraphof thetotal massof thesystem,shown in Figure4.5. Notice
thattheestimationof thenumberof targetsis quiteaccurate,since,althoughthegraphoscillateswildly,
theaverageis alwayscloseto � , which is theactualnumberof targets.

The EM algorithmturnsout to be very sensitive to the outputof the PHD. In general,it works
well whentrajectoriesof targetsdo not intersectanddo not crosstheboundaries.This caseis shown
in Figure4.6. Thedifficultiesarisewhenthetrajectoriesintersector crosstheboundaries,thereason
beinga ‘bad’ outputof thePHD.

The first caseis illustratedin Figure4.7. Notehow the inaccurateestimationoccursat thepoint
of intersection.Theoutputof theparticlefilter for this caseis shown in Figure4.8,andin Figure4.9,
the approximationof the PHD asan unnormalizeddensityfunction is presented.While the former
figureshowsnopossibleobstructionto stateestimation,thelaterfigureclarifiesthepoorperformance
of theEM algorithm.As thetimedrawscloseto thetimeof intersection,thedensityfunctionhasonly
onelocal maximum,a situationwhich makesidentificationof two targetsvery difficult for the EM
algorithm.

Figures4.10,4.11,and4.12illustratethetargets’statesestimation,theoutputof theparticlefilter,
andtheunnormalizeddensityfunction,respectively, for trajectorieswhichcrosstheboundaries.Notice
thatthedensityfunctionhasthreelocalmaximathatcausetheEM algorithmto fail. In all cases,when
theparticlesarenotclusteredwell aroundthetargets,theestimationis notaccurate.
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Figure4.5: Total massof the system
with two targets.
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Figure4.6: Stateestimationwhentar-
gets’ trajectoriesdo not intersectand
donot crosstheboundaries.‘Dots’ de-
note exact positions,‘crosses’denote
estimations.
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Figure4.7: Stateestimationwhentar-
gets’ trajectoriesintersect. ‘Dots’ de-
note exact positions,‘crosses’denote
estimations.
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Figure 4.8: Tracking of two targets
whentheir trajectoriesintersect.
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Figure4.9: Approximationof thePHD asanunnormalizeddensityfunctionfor timescloseto theintersection
time.
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Figure 4.10: Stateestimationwhen
targets’ trajectoriescross the bound-
aries. ‘Dots’ denoteexact positions,
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Figure4.12: Approximationof thePHD asanunnormalizeddensityfunction for timescloseto thecrossing
time.

4.6 Conclusion

In this paper, a new methodfor targets’ statesestimationwasproposedasa part of a solutionto the
problemof trackingandidentifying multiple targets. The recentlyproposedProbabilityHypothesis
Density(PHD) wasusedto trackmultiple targetswhenobservationsaregatheredfrom multiple sen-
sors.This new methodfor estimatingtargets’ statesis basedon theassumptionthat thePHD canbe
representedasa mixture of Gaussiandensitieswith unknown meansandcovariancematrices. The
numberof Gaussiandensitiesin this mixtureis theexpectednumberof targets.Usingthis representa-
tion, thelikelihoodfunctioncanbeconstructed,andmaximizationof thelikelihoodgivesthevaluesof
themeans(for theGaussiandensities)thatcanserve asestimatesfor thetargets’states.To maximize
the likelihood,theExpectation-Maximization(EM) algorithmwasemployed. Beingwidely usedfor
the mixture-densityparameterestimationproblem,the EM algorithmis particularlyattractive when
the mixture is Gaussian,sinceanalyticalexpressionsfor the expectationstepcanbe derived in this
case.

Theproposedmethodwastestedon a simpleracingcarmodel. Theresultsof this simplemodel
providedexamplesof specificcasesin whichthetargets’statesfail to beresolved.Estimationsarepoor
in caseswheretargets’ trajectorieseitherintersect,getvery closeto eachotheror crosstheboundary.
This failure is dueto the fact that the EM algorithmis highly sensitive to theoutputof the PHD. In
thecasewheretargetsarecloseto eachother, theunnormalizeddensityfunction(ie., theoutputof the
PHD) collapsesto a singlepeak,makingit impossiblefor theEM algorithmto resolvemorethanone
target’s state.In a similar fashion,whena targetcrossestheboundary, anadditionallocal maximum
of the unnormalizeddensity function comesinto existence,which againobstructsthe work of the
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EM algorithm. Additional analysisof the couplingbetweenthe PHD andtargets’ statesestimation
algorithmshouldbedonein orderto overcometheseobstacles.

4.7 Futur eWork

Thereare a numberof possibleways of extendingthe work that hasbeenpresentedin this paper.
Updatingthemotionmodelis asimpleway to eliminatetheboundaryconditionsthatcauseproblems
with estimatingthe targets’ states.This would eliminateoneof two waysthat the stateestimation
algorithmcanfail. Aside from this extensionto the motion model, therehasbeensomeinterestin
comparingvariousstateestimationmethodsandtestingthewaysin whichthosemethodsinteractwith
thePHD.In addition,furtherexplorationremainsto bemadeof thePHD.

Updatingthemotionmodelis a relatively simpleway to overcometheproblemposedby theextra
maximumsof the unnormalizeddensityfunction that appearwhen targetscrossthe boundaries.A
variantof the racingcar problem,which eliminatesthe looping at the endpoints,could be usedto
confirmthat theEM algorithmresolvesthetargets’statescorrectlywhenthestatesarenot neareach
other. Trackingfailuresof theEM algorithmdueto the cyclic boundaryconditionsarepresentedin
theResultssectionandillustratedin Figures(4.7)and(4.10).

Thereareothermethodsof estimatingthetargets’stateswhicharenotdiscussedin thismanuscript
andwhich canserve to extendthis preliminaryresearch.The mostcommonof theseis the Nearest
NeighbourClusteringmethod,which wasbriefly mentionedin the StateEstimationandtheEM Al-
gorithmsection.However, therearealsomoremodernapproaches,suchastheCheesemanClustering
andtheFourier/Waveletbasedmetricminimizationmethods.A carefulandunbiasedcomparisonof
thesecompetingmethodswouldbeof interestto trackingpractitionersin bothindustryandacademia.

4.8 Appendix

Thefollowing codeis themainroutinethatis usedto trackandestimatethetargets’state.

%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% Main Script
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---

clear; % clear all variables
global N; % number of particles
global M; % number of targets
global PD; % probability of detecting a target
global ClM; % mean for Poisson distribution; used to generate clutter

% assigning values to the global variables
ClM=5;
PD=1;
N=5000;

M=floor(5*rand)+1; % the number of targets
Tar=init_states(M); % getting initial positions of the targets
[Mk,Xk]=init; % getting particles and guessing the number of targets
TS = 100; % number of time steps

MM=zeros(1,TS); % array for storing the mass of the system at each time step
XX=zeros(N,TS); % two dimensional array for storing particles at each time step
TT=zeros(M,TS); % two dimensional array for storing targets’ states at each time step
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stop_flag=-1; % a stopping flag

for t=1:TS
Tar=move(Tar); % moving targets
Obs=observe(Tar); % observing targets
[Mk,Xk]=update1(Mk,Xk); % updating mass and particles, k|k -> k+1|k
[Mk,Xk]=update2(Mk,Xk,Obs); % updating mass and particles, k+1|k -> k+1|k+1
MM(t)=Mk; % saving the mass of the system
XX(:,t)=Xk(1,:)’; % saving particles
TT(:,t)=Tar(1,:)’; % saving targets

% EM is applied only after the 6th time step; this ‘if’ statement provides initial guess
if(t==6)

Me=round(mean(MM(1:t))); % system mass is estimated as an average value of the previous masses
Mo=round(mean(MM(1:t-1))); % old estimation for the mass of the system
Me=2; % we fixed the mass, estimation failed when mass varied
[a,m,d]=get_init_guess1d(Me); % initial guess for EM algorithm

% this was written to handle the case when the mass changes
elseif(t>6)

Me=round(mean(MM(1:t))); % system mass is estimated as an average value of the previous masses
Mo=round(mean(MM(1:t-1))); % old estimation for the mass of the system
Me=2; % we fixed the mass, estimation failed when mass varied
Mo=2; % we fixed the mass, estimation failed when mass varied

% ‘if’ statement below will never be called, since we keep Mo and Me equal to 2
% it was written to handle the case when the mass of the system changes

if(Me<Mo) % if mass becomes less we eliminate elements from a,m,d
ind=1:length(a); % getting indices for the array a
[s1,s2]=sort(a); % sorting a
keep=setdiff(ind,s2(Mo-Me)); % getting indices for the elements that will be kept
a=a(keep); % updating a
a=a/sum(a); % sum of the elements of a should be 1
m=m(:,keep); % updating m
d=d(:,keep); % updating d

elseif (Me>Mo) % if mass becomes greater
[mv,mi]=max(a); % find the maximum element of array a
a=a([1:Mo mi*ones(1,Me-Mo)]); % resampling this elements
a=a/sum(a); % sum of the elements of a should be 1
m(:,Mo+1:Me)=m(:,mi*ones(1,Me-Mo)); % resampling the corresponding element of m
d(:,Mo+1:Me)=d(:,mi*ones(1,Me-Mo)); % resampling the corresponding element of d

end;
end;

% EM is applied only after the 6th time step
if(t>=6)

[a,m,d]=get_it1d(a,m,d,Xk(1,:)); % applying EM
RES(1,1:M,t)=Tar(1,:); % saving targets’ positions
RES(2,1:Me,t)=m; % saving estimated targets’ positions

end;
end;

Next, thefunctionsimplementingthemotionandobservationmodelsarepresented.

function y=move(x)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% implements the following motion model:
% X_k+1=X_k+V_k
% V_k+1=(V_k+N(0,0.1))*(2B(p)-1)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% x is a collection of two dimensional vectors (X_k,V_k) represented as a 2xN matrix

N=size(x); % size of x
N=N(2); % number of vectors
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y(1,:)=x(1,:)+x(2,:); % updating position
y(2,:)=(x(2,:)+0.1*randn(1,N)).*(2*(rand(1,N )>0.02) -1); % updating velocity; here p=0.02

% we have wrapping boundary condition, i.e. 100=0
y(1,:)=y(1,:)-100*(y(1,:)>=100)+100*(y(1,:)< 0);

function y=observe(T)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% implements the following observation model:
% X_o=X+N(0,3)
% plus clutter
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% T is a set of targets represented as a 2xM matrix

global PD; % probability of detecting a target
n=size(T); % size of T
n=n(2); % number of targets
Pd=(rand(1,n)>(1-PD)); % Pd indicates what targets are observed
cl=clutter; % generating clutter
cn=length(cl); % number of clutter points
ot=sum(Pd); % number of observed targets
y=zeros(1,cn+ot); % number of observations (clutter+observed targets)
y(1:cn)=cl; % storing clutter

% making sure we observe at least one target
if(ot˜=0) % storing observed targets

y(cn+1:cn+ot)=T(1,find(Pd>0))+3*randn(1,ot );
end;

Thefollowing functionsimplementthemotionandobservationupdatesteps.

function [M,X]=update1(m,x)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% first update
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
M=m; % mass remains the same
X=move(x); % particles move according to the motion mod

function [M,X]=update2(m,x,Z)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% second update
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% m is the mass of the system
% x contains particles
% Z contains observations

global N; % number of particles
global PD; % probability of detecting a target
global ClM; % mean for Poisson distribution; used for clutter
cc=ClM/100; % useful constant

Ii=I(Z,x(1,:),m); % computing integral
M=sum(Ii./(cc+Ii))+(1-PD)*m; % updating the mass of the system

% the following code generates weights used for particles resampling
tmp=zeros(length(Z),N);
for i=1:length(Z)

dif=min(Z(i)-x(1,:),100-Z(i)+x(1,:)); % accounting for wrapping boundary condition
tmp(i,:)=PD*normpdf(0,dif,3)/(cc+Ii(i)); % main part of the weights formula

end;

S=size(tmp);
% need to handle the case of one target separately
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if(S(1)>1)
w=sum(tmp)+(1-PD)*m;

else
w=tmp+(1-PD)*m;

end;

w=w/sum(w); % normalizing weights
reg=cumsum(w); % generating intervals of lengths corresponding to the weights
samp=rand(1,N); % just random numbers

% we use the following algorithm for resampling:
% if the k-th random number (from ‘samp’) hits the j-th interval (in ‘reg’)
% then new k-th particle is the old j-th particle
X=zeros(size(x));
for i=1:N

X(:,i)=x(:,bisearch(reg,samp(i))); % resampling
end;

function m=bisearch(x,x0)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% binary search
% searching for the element of array x that is the closest to x0
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---

N=length(x); % length of x
flag=1; % useful variable
l=1; r=N; % initially, left position is 1 and right position is N

while(l<=r & flag==1)
m=floor((r+l)/2); % computing the middle point
if(x(m)==x0) % if we find x0 exactly

flag=0; % stop the loop
elseif (x0 < x(m)) % if x0 lies in the left half

r=m-1; % update the right position
else

l=m+1; % update the left position
end;

end;

if(flag==1) % a little adjustment
m=l;

end;

function y=I(z,x,m)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% computes integral
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---

global N; % number of particles
global PD; % probability of detecting a target
y=zeros(size(z));

for i=1:length(z);
y(i)=sum(normpdf(z(i),x,3));

end;
y=PD*m*y/N;

Note,theabovegroupof functionsimplementstheparticlefilter. Herearefunctionsimplementingthe
EM algorithm.Thefirst is thefunctionthatcomputestheinitial guess.

function [a,m,d]=get_init_guess1d(M)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% provides initial guess for EM algorithm; 1-dimensional case
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% M - estimated number of targets
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---

a=ones(1,M)/M; % each a_i is just 1/M
m=100*rand(1,M); % means are distributed uniformly; only position is estimated
d=5*ones(1,M); % variance is 5ˆ2

Thefollowing functionimplementsoneiterationof theEM algorithm.

function [a,m,d]=update1d(a_i, m_i, d_i, x)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% updates values of a,m,d (1-dimensional case) using the corresponding formulae
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---

N=length(x); % number of particles
Pm=P1(a_i, m_i, d_i, x); % computing P_l_i
Sp=sum(Pm’);
a=Sp/N; % computing a
mn=length(a_i);
m=zeros(1,mn);

% computing means
for L=1:mn

m(L) = dot(x,Pm(L,:))/Sp(L);
end;

d=zeros(size(d_i));

% computing variances
for L=1:mn

d(L)=dot(Pm(L,:),(x-m(L)).ˆ2)/Sp(L);
end;

And thelastfunctionimplementstheEM algorithmitself.

function [a,m,d]=get_it1d(a,m,d,x)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% computes optimal a,m,d (1-dimensional case)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---

a_o=a;m_o=m;d_o=d; % storing old values
flag=1;
epsilon=0.0001;

% iterating while distance is greater than epsilon; flag is used only for the first step
while(dist(a,m,d,a_o,m_o,d_o)>epsilon | flag==1)

if flag==1
flag=0;

end;
a_o=a;m_o=m;d_o=d;
% updating values of a,m,d
[a,m,d]=update1d(a_o,m_o,d_o,x);

end;

function y=dist(a1,m1,d1,a2,m2,d2)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% distance function (it’s just a sum of norms)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---

y=norm(a1-a2)+norm(m1-m2)+norm(d1-d2);
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Chapter 5

Methods to LocalizeShorts BetweenPower
and Ground Cir cuits

Mark Braverman1, ShengyuanChen2, Marcio Gameiro3, NadineGärtner4, YasongJin5,
EdwardKeyes6, Fadil Santosa7, HarisWidjaya8

Reportpreparedby Fadil Santosa(santosa@ima.umn.edu )

5.1 Intr oduction

In thecompetitiveworld of microprocessordesignandmanufacturing,rapidadvancementscanbefa-
cilitatedby learningfrom thecomponentsmadeby one’s closestrivals. To make this possible,Orisar
Inc. (formerlySemiconductorInsights)providesreverseengineeringservicesto integratedcircuit (IC)
manufacturers.The processproducesa circuit diagramfrom a chip andallows the manufacturerto
learnabouta competitor’s product.Theseservicesarealsousedto determineif any intellectualprop-
erty infringementshavebeencommittedby their competitor.

Reverseengineeringof integratedcircuit is madedifficult by theshrinkingform factorandincreas-
ing transistordensity. To performthis complex taskOrisarInc. employs sophisticatedtechniquesto
capturethedesignof an IC. Electronmicroscopephotographycapturesadetailedimageof an IC layer.
Becauseatypical IC containsmorethanonelayer, eachlayeris photographedandphysicallyremoved
from the IC to exposethenext layer. A noiseremoval algorithmis thenappliedto thepictures,which
arethenpassedto patternrecognitionsoftwarein orderto transferthe layer designinto a polygonal
representationof the circuit. At the last stepa knowledgeablehumanexpert looks at the polygonal
representationandinputsthedesigninto astandardelectronicschematicwith a CAD package.

1Universityof Toronto
2Universityof British Columbia
3Georgia Instituteof Technology
4ClemsonUniversity
5Universityof Kansas
6OrisarInc.
7Universityof Minnesota
8SimonFraserUniversity
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82 CHAPTER5. METHODSTO LOCALIZE SHORTS

At thefirst few stagesof theprocess,errorscanbeintroducedinto thepolygonalrepresentationof
thedesign.Errorscanexist in the form of noiseor simply be theresultof a physicalobstructionon
the layer beingphotographed.Theseerrorscanintroduceinvalid componentsor connectionswithin
thedevice, andthemostcatastrophicof theseerrorsresultswhenthepower andgroundnetworksof
an IC aretied directly together. Sincethetypical first stepin determiningcomponentfunctionality is
thedeterminationof power andground,theseshortcircuitsor shortsmustbeidentifiedandcorrected
beforefurtheranalysiscanoccur. It shouldbeemphasizedthat it is a very rapidprocessto determine
theexistenceof ashorthoweverfinding the locationof ashortis anothermatter.

In thecurrentwork flow, workersatOrisarInc. visually inspectthepolygonalrepresentationof the
circuit in orderto find errors.To completelyremoveall theshortsonepersonneedsto spendoneday
inspectingthepolygonaldataby runningsignaltracing. To make thesearchfaster, thesearchareais
narroweddown by onequarterby runningsignaltracingonaquarterof the IC ata time,theshortscan
thenbequickly narroweddown to smallsub-regions.

However this process,performedmanually, is very time consuming.We proposea methodwhich
canbeeasilyautomatedtherebysaving valuableworker time andacceleratingtheprocessof reverse
engineering.

5.2 ProblemDescription

A modernIC designcontainsin theorderof millions logic gatespacked into a very small area.The
giganticnumberof devices,togetherwith minimal space,createa problemfor designersto connect
their logic gatesefficiently. Thisis themainreasonfor themulti layeredapproachto IC manufacturing.
A typical IC hasonelayerdedicatedto theplacementof logic gatesandmultiple layersof wiring. This
is necessarybecauseall thegateson thegatelayerarepackedasdenselyaspossible,leaving no room
for interconnectingwiresandconnectionto thepowersupply.

In a modernIC therearemany morewiring layersthanlogic gatelayers,andtypically addinga
layerto an IC translatesdirectly into anincreasein thecostof manufacturing.Thusany manufacturer
tries to packthewiresasdenselyaspossiblewithin the layerwithout violating thedesignrules. Be-
causean IC consistspredominantlyof wiring, it is crucialto getthewiring designtransferedproperly.
Therearethreetypesof wiring wecanfind within an IC.

> Power lineswhich we will denoteas È�¢�¢ . Theselinescarrythepositivecharge into thecompo-
nentsof the IC.

> Groundlineswhich wewill denoteas È�£m£ . Theselinescarrythenegativecharge.

> Signalline which interconnectthevariouscomponents.

> Vias,this is theinter-layerwiring thatconnectswiresto wires,andwiresto logic gates.

The two mainwires thatwe will focuson arethepower linesandthegroundlines. On a normal
IC, thepower linesandthegroundlinesform two disconnectedcomponents.Unfortunatelynatureis
againstus in this process.The errorsmentionedin the introductioncanaddwires that arenot part
of the real IC design,andcreateinadvertentconnections,or shorts,betweenthepower lines andthe
groundlines.
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Figure5.1: A polygonrepresentationof wiresin an IC.

Thewiresin the IC arerepresentedasa setof overlappingpolygons.Eachpolygoncontainsa list
of verticesanda signalnumber. Thenumberof verticesin eachpolygoncanbevery largealthough
many of thepolygonsarequadrilaterals.Thepolygonsarenot guaranteedto beconvex, andthey can
varygreatlyin size.Thewiresaretypically laid out in aregularfashion,thatis wiresruneitherparallel
or or orthogonalto otherwires.

In thenext sectionwe will explain theapproachesthatwe have consideredto solve this problem,
andthechoiceswemadeconcerningthefinal algorithm.

5.3 Approachesto the Problem

5.3.1 A Network Flow Method

If currentcanflow from a È�£m£ pin to a È�¢¤¢ pin, it mustgo throughoneof theshorts.Normally a short
is muchnarrower thana legitimatewire. Giventhefact that thewider a wire is, themorecapacityit
bears,shortsbecomethebottleneckof thenetwork. This ideais alreadyusedin manualinspections
wherepower is appliedbetweentwo pins anda thermalimageof the circuit is madeto identify hot
regions.

Wewould like to simulatethisprocessin acomputer. Thefirst stepwouldbeto convert thecircuit
into a network. Our thoughtis to translatea givencircuit into a capacitatednetwork whereeachedge
in thenetwork is a pieceof wire. This leave theproblemof estimatingthecapacityof a wire. Several
ideaswereproposed:

1. Startingfrom thescannedimage,wemayregardeveryblackpixel asanodeof thenetwork, and
assigneachedgecapacityone. This approachleadsto a massive network, which may be too
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expensive to compute.

2. Startingfrom thepolygonsrepresentationof awire,determinethedirectionof flow andestimate
thewidth of thewire. This processcanbevery complex with many specialcasesasa polygon
couldbeassimpleasa quadrilateralandascomplicatedasa nonconvex ¥ -gon.

3. Anotherideais to extract the network from the scannedimageby scanningthroughall pixels
vertically andlocatingjunctionsandedges.Even thoughthe ideais very attractive, the group
felt thatit wasunlikely thatanalgorithmto do this canbecompletedin thetimegiven.

We remarkthatupontransformingthecircuit into a finite capacitynetwork, we canusenetwork flow
techniquesto locatetheshorts.Themax-flow of sucha network is limited by theshorts,andthusthe
min-cutwill beon theedgesof theseshorts.We assumethat thereareonly a few shortsandthesum
of thecapacitiesof all theseshortsarelessthanthatof anarrow wire.

5.3.2 Signal Processingto LocateH-Junctions

Theobservationthatshortstendto makeH-junctionsbetweentwo legitimatewiresleadusto consider
patternrecognitionalgorithms.It wasfelt thatsuchanalgorithm,thoughit canidentify falsepositives,
couldbevaluablein localizingthesearch.After someconsideration,it wasfelt thatsucha methodis
not sufficiently general.

5.3.3 Exploiting the IncidenceMatrix

Sincetheincidencematrixencodestheconnectivity of thecircuit, it seemspossiblethatwecandevise
a way by which thematrix is manipulatedso that it separatesout into power andgroundparts,with
theshortsconnectingthem. To beableto do this, we mustdevelopanobjective functionalsuchthat
whenit is minimized,thematrix segregatesasdesired.Thisappealingideadeservesfurtherstudy.

5.3.4 A Monte Carlo Approach

We convert a circuit into a graphby letting the polygonsrepresentingthe circuit be vertices. If two
polygonsare connected,then the verticesrepresentingthem are connectedby an edge. With this
description,we candefinethelengthof a pathbetweena pair of polygons.Thenicefeatureof shorts
is thatit mustappearonapathstartingfrom apolygononthe È�¢�¢ (power)sideto apolygonon the È�£m£
(ground)sideor vice versa.To utilize this observation,we randomlypick a pair of startingandend
points,andcomputetheshortestpathbetweenthemusingthebreadthfirst algorithm. We repeatthis
procedurea largenumberof times,andwecountthenumberof timeseachpolygonappearedin all of
thesepaths.

We claim that thepolygonsfrom a shortwill have a highernumberof visits thatotherpolygons,
thusallowing usto isolatepotentialshorts.Thisapproach,aswell asanimplementation,aredescribed
in thenext section.
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Figure5.2: Theshortestpathbetween¦�§ and¦�¨ in asimplecircuit.

5.4 A Monte Carlo Algorithm

5.4.1 Description of the Algorithm

To make it possibleto apply graphtheoryalgorithmsto the problem,we representthe circuit asan
undirectedgraph © . Theverticesof thegraphcorrespondto thepolygonsrepresentingthecircuit and
theedgesrepresenttheconnectionbetweenadjacentpolygons.For two vertices¦�§ and¦�¨ , correspond-
ing to polygonsª and

�
, thereis anedgeconnecting¦�§ and ¦�¨ if andonly if thepolygonsª and

�
toucheachother. A pathbetweentwo vertices¦�§ and¦�¨ in © is apathbetweenthepolygonsª and

�
in thecircuit.

If a circuit hasa short, then any path going from a polygon in È�¢�¢ (power) wire to one in È�£m£
(ground)wire mustpassthrougha short. Sincethereareonly few shortsin the circuit, we would
expectmany pathsto go througheachof theshorts.Ouralgorithmrandomlychoosespairsof vertices
in thecircuit, connectsthemthrougha shortestpath,andkeepstrackof thenumberof visits to each
vertex of thecircuit. While any pathbetweentheseverticeswould work, we choosetheshortestpath
(seeFigure1.2). Weexpectthattheshortswouldbethemostvisitedareasin thecircuit.

Wekeepacounterfor thenumberof visitsto eachof thevertices.At eachiterationof thealgorithm
we randomlychoosetwo vertices¦�§ and ¦�¨ . We thenfind a randomizedshortestpathfrom ¦�§ to ¦�¨
usingarandomizedversionof thebreadthfirst search (BFS) algorithm.Thenweincreasethecounter
of eachof thevisitedverticesby « .

Wemakealargenumberof iterations,andoutputacolourmaphighlightingthemostvisitedareas.
Thenwemanuallysearchfor theshortsin thehighlightedareas.
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The Algorithm
1) N = numberof trials;
2) For each¬ , �®C¯�¥_°#±6²�³f¦�§µ´�¶~· ;
3) For i = 1 to N

3.1) randomlychoosevertices¦�§ and¦�¨ ;
3.2)find oneof theshortestpathsfrom ¦�§ to ¦�¨ ,¦�§�¸�¶¹¦�º�»¤¦�¼6»¤¦�½�»µ¾�¾�¾µ»¤¦�¿À¶Á¸�¦�¨ usinga randomizedBFS;
3.3)For j=0 to K

3.3.1) �®C¯�¥_°#±6²�³f¦�ÂC´8¶~�®C¯�¥_°#±6²�³f¦�ÂC´�Ã.« ;
Endfor

Endfor
4) Outputa colourmapwith thevaluesof #®N¯�¥Ä°#±6²H³e¦Ä´ for each¦ , thepolygonswith highcounter
valuesaretheprimarysuspectsto betheshorts.

RandomizedBFS is an algorithmwhich randomlychoosesoneof the shortestpathsfrom Å�Æ to Å�Ç .
Detailswill beexplainedin theendof thesection.

5.4.2 Analysisof the Algorithm

Themain ideais thatevery time we chooseÈ�É from Å�Ê�Ê and È�Ë from Å�ÌmÌ or È�É from Å�Ì�Ì and È�Ë from
Å�Ê¤Ê , the pathfrom È�É to È�Ë mustpassthroughoneof the shortsof the circuit. Next we estimatethe
probability that the chosenÈ�É and È�Ë are in differentwiring nets? Supposethat the portion of Å�ÌmÌ
polygonsin the net is Í , andthe portion of Å�Ê�Ê polygonsis Î , ÍÏÃ3ÎÐ¶i« . Thenthe probability that
we chooseÈ�É from Å�Ê�Ê and È�Ë from Å�Ì�Ì is Î�Í andthe probability that we chooseÈ�É from Å�ÌmÌ and È�Ë
from Å�Ê�Ê is Í�Î , so the probability that È�Æ and È�Ë arechosenfrom differentwiring netsis ÑoÎMÍ . This
probability is almost Ò�·�Ó if Í and Î arerelatively closeto eachother. We expectthis to be thecase
mostof thetime. Thefollowing tablesummarizestheestimatedoutcomes

Theportion Í of Å�ÌmÌ Theportion Î of Å�Ê�Ê Theprobabilitythat È�É andÈ�Ë
in thenet in thenet arechosenfrom differentnets.
«�·�Ó Ô�·�Ó «�Õ�Ó
Ñ�·�Ó Õ�·�Ó Ö�Ñ�Ó
Ö�·�Ó ×�·�Ó Ø�Ñ�Ó
Ø�·�Ó Ù�·�Ó Ø�Õ�Ó
Ò�·�Ó Ò�·�Ó Ò�·�Ó
Ù�·�Ó Ø�·�Ó Ø�Õ�Ó
×�·�Ó Ö�·�Ó Ø�Ñ�Ó
Õ�·�Ó Ñ�·�Ó Ö�Ñ�Ó
Ô�·�Ó «�·�Ó «�Õ�Ó

If thereare Ú shortsin thecircuit, theneachof theshortpointsgetsvisited

Ñ�ÛoÎbÛ�ÍÜÛ�Ý
Ú
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timesonaverage,where Ý is thenumberof trials. We have

Ñ�ÛoÎbÛoÍÜÛoÝ
Ú Þ

Ý
Ñ�ÛoÚ

when Í and Î arecloseto eachother. This numberis much larger than the numberof visits to an
averagepolygonin thecircuit. Sotheshortsshouldgethighlightedby thealgorithm.

A possibleimprovementto thealgorithmwould bediscardingparticularlyshortpaths.A typical
pathconnectinga point in Å�ÌmÌ with a point in Å�Ê�Ê going throughoneof the shortsand is generally
longerthana pathconnectingtwo pointson the samesideof the net. Hencediscardingshortpaths
woulddiscardmorepathswhichconnectverticesonthesameside,thusyieldingabetterperformance
of thealgorithm.

Notethatthealgorithmis extremelyparallelizible.All thetrialscanruncompletelyindependently.
So the algorithmcanbe executedsimultaneouslyby arbitrarily many machinesin parallel,andthe
visits statisticscanbecollectedat theendof therun.

5.4.3 The RandomizedBFSAlgorithm

We usetheclassicalBFS (breadthfirst search)algorithmfor finding a shortestpathin anundirected,
unweightedgraph. It is a classicalalgorithmdescribedin many introductoryalgorithmsbooks. A
goodexpositionof thealgorithmcanbe found in Cormen[1]. We modify this algorithmin orderto
choosea randomshortestpath.

After scanningthegraphfrom thesourceÍ andlabellingall theverticesaccordingto theirdistance
from Í , webacktrackfrom thetarget ° in orderto find theshortestpathfrom ° to Í . Wheneverwehave
morethanoneway to backtrack,a randomchoiceis madeamongstthepossibilities.This procedure
diversifiesthepossibleroutesin congestedareasandthusavoidsfalsepositives.

5.5 Performanceof the RandomizedAlgorithm

On a typical circuit we will have approximately«�·�ß nodesin the graph,with the numberof shorts
in the order «�· ¼ . The testingis donein increasingnodedensityto approximatereal cases,this is
importantbecauseour methodworksundertheassumptionthatthenumberof shortsarea few orders
of magnitudesmaller, thustheprobabilityof it beinghit by ourrandomizedtracingalgorithmis higher
thana realnode.Thefollowing aretheresults.

In thefirst experimentwehaveoneshortin betweenthetwo interdigitatedpowerandgroundwires
asshown in Figure5.3. The power wires arecolouredred andthegroundcolouredblue. The short
is shown asthe greenline in Figure5.3a. The resultof our algorithm,with 5000trials, is shown in
Figure5.3b,it is evidentthatour algorithmhassucceededin localizingtheareaof theprobableshort
shown by theredwiresin thepicture.

In thenext experimentwe testedour algorithmon acircuit with ahighernodedensity. Thecircuit
containstwo shorts.It is clearthatouralgorithmis ableto find a localareawheretheshortoccurs(see
Figures5.4).Here, Ýà¶~Ò�·�·�· trials aswell.

In the next set of figureswe ran the algorithm on a circuit that has3 shorts. After a first run
involving 5000trials,only oneshortwasfound(Figure5.5b).We repeatedtherun afterremoving the
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(a) Initial figurewith oneshort. (b) Final figure.

Figure5.3: Localizationof 1 short.

(a) Initial figurewith two shorts. (b) Final figure.

Figure5.4: Localizationof 2 shortsin 1 run.

shortfoundin thefirst runandidentifiedasecondshortin Figure5.5d.A final run,afterremoving the
secondshortwasableto determinethelocationof thethird andfinal short(Figure5.5f).

We have numericalevidencethat our algorithmcoupledwith simpleheuristicsis capableof re-
moving all theshortsthatexist within agivencircuit model.Wehavealsotestedouralgorithmonreal
datathatthecompany uses.

Figure5.6ashowsacasefrom arealcircuit thathasbeenannotatedandidentifiedby aknowledge-
ablehumanexpert. Thewhite lines in Figure5.6bareareasour algorithmhasidentifiedaspossibly
containingshorts.This illustratesthatour algorithmcorrectlyidentifiedthe local areaswhereshorts
occur.
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5.6 Conclusions

Theteamhasimplementedandtesteda MonteCarloapproachcapableof localizingpower to ground
shortcircuits. Any valid wiring network consistsof two unconnectedpower andgroundnetworks.
Thekey observationis thatgivenany two randomlychosenpointsin thewiring network, thereexistsa
relatively highprobabilitythattheshortestpathjoining thesetwo pointswill containashortcircuit if it
exists.Ouralgorithmexploits this relatively highprobabilityof traversingashortandhasbeenshown
to becapableof detectingmultipleshortsof bothsimulatedandactualIC powerwiring networks.

Thereareseveralwaysin which theproposedmethodcanbeimproved.Theseinclude:

á Makebetteruseof pathinformation.

á Incorporateknowledgeembodiedin theincidencematrixof thegraphs.

á Exploit propertiesof thecircuits,suchasline widths.

Webelieve thatotherideasexploredin this reportdeserve furtherinvestigation.
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(a) Initial figurewith 3 shortsbefore1strun. (b) Final figurewith 3 shortsafter1strun.

(c) Initial figurewith 3 shortsbefore2ndrun. (d) Final figurewith 3 shortsafter2ndrun.

(e) Initial figurewith 3 shortsbefore3rd run. (f) Final figurewith 3 shortsafter3rd run.

Figure5.5: Localizationof 3 shortsin 3 steps.
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(a)Theareaswhereshortsoccur. (b) Thehighlightedby ouralgorithmafter5 iterations.

Figure5.6: Theresultof our algorithmwith realdata.
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6.1 Intr oduction

In finance,thereis aconstanteffort to modelfuturepricesof stocks,bonds,andcommodities;theabil-
ity to predictfuturebehaviour providesimportantinformationabouttheunderlyingstructureof these
securities.While it hasbecomecommonto modelasinglestockusingtheBlack-Scholesformulation,
themodellingof bondpricesrequiresoneto simulatethechangeof interestratesasa functionof their
maturity, which requiresoneto modelthemovementof anentireyield curve. If onestudiesthespec-
tral decompositionof thecorrelationmatrix correspondingto thespotratesfrom this curve, thenone
findsthat thetop threecomponentscanexplain nearlyall of thedata;in addition,this samestructure
is observedfor any bondor commodity. In his 2000paper, Ilias Lekkos[4] proposesthatsuchresults
areanartifactdueto theimplicit correlationbetweenspotrates,andthattheanalysisshouldinsteadbe
performedusingforwardrates.In this paper, we discusstheresultsobtainedfor thespectralstructure
of thecorrelationmatricesof forwardrates,andinvestigatea modelfor this associatedstructure.The
paperis divided into four parts,covering forward ratesbackgroundmaterial,principal components
analysis,yield curvemodelling,andconclusionsandresearchextensions.

1Universityof Toronto
2Ohio StateUniversity
3Universityof Calgary
4MichiganStateUniversity
5York University
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7Universityof Kentucky
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6.2 Background: Forward Rates

6.2.1 SpotRates

Let usbegin with a few definitionsandconceptsfrom financialmathematicsthatwill be referredto
throughoutthepaper. To modelbondprices,onemustknow theyields for variousmaturities.These
interestrates,asa functionof maturity, constitutetheyield curveandarereferredto asspotrates.The
spotrate â�³fã�´ givestheratethatmustbepaidwhenmoney is borrowed(or loaned)todayfor a time
T years.Sinceeachspotratechangeswith time, we areinterestedin knowing themovementof the
entireyield curve astime proceeds.Whenonestudiesa singlestock,andassumingefficient markets,
its movementmaybepredictedusingtheBlack-Scholesformulation:

ÎMä
ä ¶æåRÎ�°çÃéè�ÎMê

with ä referringto thestockprice, å its expectedreturn,and è its volatility. ê is a Brownianmotion
representingtherandommovementof thestock.To studythemovementof anentireyield curve, we
mayassumethateachpoint movesasa Brownianmotion. Sincethecorrelationstructures,andhence
primary movements,of spotratesarewell known andwill be briefly mentionedin the next section,
andsincewe areinterestedin studyingthecorrelationstructuresof forwardratesin this paper, let us
now adapttheabove formulationsto focuson forwardrates.

6.2.2 Forward Rates

A forwardrateis therateappliedto borrow (or loan)money betweentwo dates,ã�¼ andã_½ , determined
todayat time ° ; wedenotethisas ëì³f°#»\ãì¼6»\ãÄ½�´ . In orderthatno-arbitrageconditionshold,wemusthave
thefollowing relationshipbetweenforwardandspotrates:

±Cí=îðï�îñ±Còôó,ï�îsõ ï�îðö�÷�ø�ó,ï�îùöo÷mú�ï�îûøÄ¶.±Cí=îðö�÷�ï�îðö�÷¤¾
Theformulasimply statesthattherateto borrow money startingfrom todayto time ã_üwý�¼ mustbethe
sameasthe rateif oneborrows from todayuntil time ã_ü , andthenfrom ã�ü to ã�üwý�¼ . If this equation
did nothold,onecouldborrow money atonerateandlendatanotherwith no risk, therebycreatingan
arbitrageopportunity. For completeness,let usalsodefinetheinstantaneousforwardrate,which is the
rateappliedto borrow or lendmoney for aninstantat time ãì¼ , determinedat time ° , denotedë�³f°#»\ãì¼\´ .

In ourwork, weareinterestedin following theapproachof Heath,Jarrow, andMorton[2] to model
theentireforwardratecurve directly. As anexampleof thetypeof changesthathave takenplacein
forwardrateshistorically, Figure6.1 illustratesthemovementsof variousforwardratesasa function
of timeusingdatafrom theUS.

As previously mentioned,while Black-Scholesis usedto modela singlestock,themodellingof
anentirecurve of forwardrateswill requiremorework. Theformulationproposedby Heath,Jarrow,
andMorton is ageneralizationof Black-Scholes;it is givenby theformula:

Î�ë�³f°#»\ã�´
ë�³e°#»\ã�´ ¶æå�Î�°þÃ

ÿ
ü���¼ èoüT³e°#»\ã�´TÎMê ü »
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Figure6.1: HistoricalForwardRateDatafor theUS(� -axis: days;� -axis: percentile).

wherethedifferentialis takenwith respectto time,sothat

Î�ëì³f°#»\ã�´�¶.ëì³f°þÃ���»\ã�´�� ë�³e°#»\ã�´T¾
Themainquestionnow arisesasto whatvalueof � shouldbeusedin thesummation.Clearly, if we
select � ¶y« , thenwe returnto modellinga singlequantity, which would incorrectlyimply that the
forward ratesarecompletelycorrelated.If, however, we allow � to be the numberof pointson the
curve, thenwefind thatthis computationis toocostly, andwearenot takinginto accountthefactthat
ratesdo indeedhave a non-zerocorrelation.Our goal is to reducethe dimensionalityby recovering
mostof thevariancesandcovariancesof theforwardrateswith a minimal numberof components,� .
Thiscanbeaccomplishedusingprincipalcomponentsanalysis.

6.3 Principal ComponentsAnalysis (PCA)

PCAis astatisticalprocedurethataimsat takingadvantageof thepossibleredundancy in multivariate
data. It achievesthat by transforming¬ (possibly)correlatedvariablesinto � uncorrelatedones. If
the original variablesare correlated,then the datais redundantand the observed behaviour canbe
explainedby just � componentsof theoriginal variableswith �
	¹¬ .

ThisprocedureperformsPCAontheselecteddataset.A principalcomponentanalysisis concerned
with explainingthevariance-covariancestructureof a high dimensionalrandomvectorthrougha few
linear combinationsof the original componentvariables. Considera ¬ -dimensionalrandomvector� ¶ ³ � ¼T» � ½�»�¾�¾�¾�» � Éµ´ . � principalcomponentsof

�
are � (univariate)randomvariables�Ä¼ , �M½ , ¾�¾�¾ ,
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� ÿ whicharedefinedby

�_¼y¶ w¼ � ¶�w¼�¼ � ¼�Ã�w¼û½ � ½�Ã ¾�¾µ¾�Ã�w¼sÉ � É�»��½ ¶ ð½ � ¶�ð½#¼ � ¼�Ã�ð½�½ � ½�Ã ¾�¾µ¾�Ã�ð½�É � É�»
...� ÿ ¶  ÿ � ¶� ÿ ¼ � ¼HÃ� ÿ ½ � ½�Ãé¾�¾�¾ôÃ� ÿ É � É�»

wherethecoefficient vectorsw¼\»�ð½�»�¾�¾µ¾�»� ÿ arechosensuchthatthey satisfythefollowing conditions:

FirstPrincipalComponent= Linearcombinationw¼ � thatmaximizesVar(w¼ � ) and ��s¼�� ¶ « .
SecondPrincipal Component= Linear combination ù½ � that maximizesVar(ù½ � ) and��ð½�� ¶�« andCov( w¼ � , ð½ � ) ¶~· .�����

PrincipalComponent= Linearcombination Â � thatmaximizesVar(ðÂ � ) and �� Â�� ¶�«
andCov(  ü � »� Â � ) ¶.· for all ��	 �

.

This saysthat theprincipalcomponentsarethoselinearcombinationsof theoriginal variableswhich
maximizethe varianceof the linear combinationand which have zero covariance(and hencezero
correlation)with thepreviousprincipalcomponents.

It canbe proved that thereareexactly ¬ suchlinear combinations.However, typically, the first
few of them explain most of the variancein the original data. So insteadof working with all the
original variables

� ¼T» � ½�»�¾�¾�¾#» � É , onetypically performsPCA andusesonly the first few principal
componentsin subsequentanalysis.

6.3.1 SpotRates

Weareinterestedin determiningwhichcomponentsdescribingthemovementof ourcurvecanbeused
to explain mostof thevarianceandcovariancedatawhile utilizing asfew componentsaspossible.In
thecaseof spotrates,from thepreviouswork in principlecomponentanalysisin this field, theresults
arewell known. Let â&ü denotea vectorof yields for the day ·������AÝ anddefinethe matrix �
so the column � of � is the vector âÜü � â&ü ú ¼ . Onecanthenconstruct

� ¶ cor³!�Ï´ , the correlation
matrix formedfrom � . Note that " ��# ü õ Â givesthecorrelationbetweenthedaily changesin rateswith
maturity ã�ü andmaturity ã_Â . Calculatingtheeigenvaluesandeigenvectorsof thisnew matrix,onewill
find thatthetop threecomponentsarelevel, slope,andcurvature.Thefirst eigenvector, referredto as
“level” canbeinterpretedasaparallelshift in thetermstructure,thesecondrepresentsachangein the
steepness,andthethird is interpretedasachangein thecurvatureof theyield curve.

Using this processandobtainingthecorrespondingeigenvalues,we cancomputethecumulative
percentageof thefirst $ eigenvalues,namely %

ü���¼'& üÿü���¼ & ü »
where � is the total numberof eigenvalues,asshown in Table6.1. From the resultof this principle
componentanalysisprocess,we can seethat the cumulative total of the top threecomponentsare
alreadyover95%of original data,wherewe useUS dataasanexample.Thesetop threecomponents
representthekey movementsof theyield curve for spotrates,their form is shown in Figure6.2.
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Figure6.2: Top3 eigenvectorsrepresentingkey movementsof spotratesin theUS(� -axis: maturity;� -axis: eigenvaluecomponent).

While theabovegraphwasgeneratedusingUSdata,in factwecangetthesameresultsregardless
of thetime periodor themarket used,andregardlessof whetherwe considerbondsor commodities.
In [4], Lekkos arguedthat suchresultsarean artifact which arisesdueto the fact that spotratesare
highly correlatedby construction.He proposesthatwe shouldinsteadbeworkingwith forwardrates,
whichalthoughthey maybecorrelated,arenotcorrelatedby construction.Heclaimsthattheresulting
principalcomponentanalysiswill yield muchweaker results.

6.3.2 Forward Rates

As statedabove, we areinterestedin investigatingthe resultswhenprinciple componentanalysisis
appliedon thecorrelationmatrix for forwardratesinsteadof spotrates.

As before,wecalculatetheeigenvaluesandeigenvectorsof thecorrelationmatrix,but for forward
rates,we do indeedfind that the decayof the eigenvaluesis considerablyslower, implying that it is
not enoughto only considerthe top threecomponentsto adequatelyexplain the movementsof the
curve. Figure6.3 is a comparisonof the eigenvaluesobtainedfrom the correlationmatricesof spot
andforwardratesusing1982–2003USdata.

Fromthis graph,wenotethatsimilarly to thetopeigenvectorfor spotrates,thetopcomponentfor
forwardsstandsoutconsiderably, althoughit is notasdominant,explaininglessthan60Ó ascompared
to 80Ó for spots.If weconsiderthecontributionof thetop threecomponents,wefind thatwhile these
madeup over 95%for spots,the total is now lessthan80Ó , owing to themuchslower decayof the
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SpotRateData
Eigenvalue Individualvariance(%) Cumulativevariance(%)& ¼ 8.0677 80.68 80.68& ½ 1.1627 11.63 92.31&)( 0.2847 2.85 95.16

ForwardRateData
Eigenvalue Individualvariance(%) Cumulativevariance(%)& ¼ 5.7776 57.78 57.78& ½ 0.9425 9.42 67.20&)( 0.6609 6.61 73.81

Table6.1: PrincipleComponentAnalysisof USData.

eigenvaluesin thecaseof forwards.
It is alsoeasyto verify thatthefirst eigenvectorin thecaseof forwardratesis still a levelmovement

andthatthesecondstill correspondsto slope.Yet,althoughthefirst two componentscanstill explain
a lot of the total variance,the remainingeigenvectorsmake up a substantialcontribution, andtheir
intuitivemeaning,includingthatof thethird eigenvector, is not soclear.

6.4 Yield CurveModelling

6.4.1 Model Developmentand Implementation

Thus far, we have found that using forward ratesinsteadof spot ratesdoesnot producethe same
structurefor thecorrelationmatrix in which threeexceptionallydominantcomponentsarise;in fact,
theorderof thelatercomponentsmaynotevenbethesameasin thecaseof spotrates.How mightwe
try to modelthecorrelationmatrixof theforwardratesandits resultingspectralstructure?In thecase
of spotrates,thereis anexistingmodelfrom [1] for thespotratescorrelationmatrix:

" �*# ü õ ÂÜ¶,+.- ï�îûú�ï�/ -
assumingthatcorrelations,+ , arehighenough.Hereã is maturityin years.

A comparisonof theeigenvaluedecayobtainedusingdataandtheabove modelis shown in Fig-
ure 6.3b. The circlesrepresentthe eigenvaluesof the correlationmatrix usingspotratedata,while
the squaresstandfor the eigenvaluesof the modelledspotcorrelationmatrix. We notethat the two
curvesnearlycoincidewith eachother;bothof themexhibit a very fastdecayandfor eachof them,
thefirst threeeigenvaluesareverysignificantandexplainover95Ó of thebehaviour of thecorrelation
matrix; theothereigenvaluesareinsignificantandsothecorrespondingeigenvectorsexplainverylittle
aboutthe movementof spotrates.Thus,this modelproducesa goodapproximationto the spotrate
correlationmatrix. To proposea modelin thecaseof forwardrates,we canconsidertherelationship
betweenthecovariancematrix for spotandforwardrates,namely:021 ¶.ê 0

ò ê ï ¾ (6.1)
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Figure6.3: Variancestructureof theeigenvalues.a) Spotratesversusforward ratesfor US data;b)
Decaystructurefor US spotrates(dataversusmodel);c) Decaystructurefor US forwardrates(data
versusmodel);d) Decaystructurefor Europeanforwardrates(dataversusmodel).

Here,
021

standsfor the covariancematrix for thespotrates,
0
ò standsfor the covariancematrix for

the forward rates,and ê is a matrix of the weightsof the forwardsto the correspondingspotrates.
However, we needto work with the correlationmatrix. That meanswe needto find someway to
convert this formulainto a relationshipbetweencorrelationmatrices.

Giventhatthehistoricalvarianceof thespotsis prettystableacrosstenorswe have assumedcon-
stantvariancewhenusingformula(6.1) to transformthecorrelationmatricesof thespotsinto correla-
tion matricesof forwards.

Rearrangingtheresultingequation,we obtaina modelfor theforwardratecorrelationmatrix. We
maynow comparethe forwardseigenvaluedecayfrom this modelledcorrelationmatrix with thatof
the correlationmatrix obtainedfrom the data. Figures6.3cand6.3d both show sucha comparison
betweenmodel and data; Figure 6.3c illustratesresultsfor 1982-2003US datawhile Figure 6.3d
presents1998-2002Europeandata.



102 CHAPTER6. CORRELATION STRUCTURESCORRESPONDINGTO FORWARD RATES

The circles representthe eigenvaluesof the correlationmatrix for the real dataof the forward
rates,while the squaresstandfor the eigenvaluesof the modelledforward ratescorrelationmatrix.
From thesetwo figures,we observe that for both markets, the model fits the datafairly well, but
considerablyworsethanthefit thatwasobtainedfor thespotsmodelearlier. To bespecific,it seems
thatthreecomponentsarenolongerenoughto adequatelyexplainthecorrelationmatrix;wemayneed
to usemorethanfive components.Indeed,it is alsopossiblethat thespotsmodel,while it seemedto
produceagoodfit for spotsdata,is notanadequatefoundationfor our forwardsmodel,whichmaybe
moresensitiveto theexactnatureof thespotscorrelationmatrix;perhapsamorerobustmodelfor the
spotratesis necessarywhenusingit asabasisfor forwardsmodelling.

6.4.2 Model ComparisonUsingSimulations

Sinceour ultimategoal is to predictforwardrateswhich canthenbeusedto predictbondprices,it is
importantto performsimulationsto determineif usingforwardratesaswe have implementedabove,
or spotrates(andsubsequentlycomputingforwardrates)is indeedthebestapproach.While weknow
in the caseof spot ratesthat it is sufficient to include the threetop components,it still remainsto
determinehow many eigenvectorsarenecessarywhenusingforwardrates.While we haveperformed
somepreliminarywork for makingsucha comparison,simulationsremainto be doneto determine
which methodbestpredictsthevarianceof forward rates,andhenceis a bettermodelfor predicting
futurevaluesof forwardrates.

6.5 Conclusion

As it is well known, thecorrelationmatricescorrespondingto spotratescontaina lot of structure.The
fact that this structureis foundacrossmarketssuggeststhepossibility that it is dueto anartifactand
not to any market-specificcharacteristics.In his work, I. Lekkosarguedthat forwardratesshouldbe
thestatevariablesin any suchanalysissincespotratesarecorrelatedvariablesby construction.Using
interestrate datafrom the US, Germany, United Kingdom andJapanhe showed that the structure
presentin thecorrelationmatriceswhenweuseforwardrates(asopposedto spotrates)is a lot weaker.
In this work, we have analysedthesetype of matricesand found that the forward rate versionsof
parametricmodelsthathavebeenproposedfor spotratecorrelationsdoa fairly goodjob in describing
thedata.A lot of work remainsto bedoneasfarasunderstandingthesematrices,theircommonalities
acrossmarketsand,of course,theirmodelling.
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Chapter 7

Product-DrivenData Mining

RitaAggarwala1, C. SeanBohun2, RachelKuske3, GerryLaBute4, Wei Lu5, Nilima Nigam6,
FabienM. Youbissi7

Reportpreparedby C. SeanBohun(csb15@psu.edu )

7.1 Intr oduction

The behaviour of consumersis believed to be influencedby many factors. Someof thesefactors
includetheindividualsculture,socialstatus,lifestyle andattitudes.Understandinghow thesecompli-
catedandinterrelatedfactorsdrive theconsumeris theprimary goalof Manifold DataMining. The
questionposedto thegroupwasto 1) find an algorithmthatpredictsthe likelihoodof consumersto
respondfavourablyto a givenproduct.In addition,oncethis predictionis madefor a givenconsumer
the group was also asked to 2) develop a secondalgorithm that infers other statisticalinformation
regardingtheconsumer.

Manifold Data Mining hasdevelopedinnovative demographicand householdspendingpattern
databasesfor six-digit postalcodesin Canada.Their collectionof informationconsistsof both de-
mographicandexpenditurevariableswhich areexpressedthroughthousandsof individually tracked
factors. This large collectionof informationaboutconsumerbehaviour is typically referredto asa
mine. Although very large in practice,for the purposesof this report,the datamine consistedof 3
individualsand 4 factorswhere 3 5vÑ�·�·�· and 465 Ò�· . Ideally, the first algorithmwould identify
a few factorsin the datamine which would differentiatecustomersin termsof a particularproduct
preference.Thenthesecondalgorithmwould build on this informationby looking for patternsin the
dataminewhichwould identify relatedareasof consumerspending.

To testthe algorithmstwo casestudieswereundertaken. The first studyinvolveddifferentiating
BMW andHondacarowners. Thealgorithmsdevelopedwerereasonablysuccessfulat both finding
questionsthat differentiatethesetwo populationsand identifying commoncharacteristicsamongst

1Universityof Calgary
2PennsylvaniaStateUniversity
3Universityof British Columbia
4Manifold DataMining Inc.
5McGill University
6Laval University
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the groupsof respondents.For the secondcasestudy it washopedthat the samealgorithmscould
differentiatebetweenconsumersof two brandsof beer. In this casethe first algorithm wasnot as
successfulasdifferentiatingbetweenall groups;it showed somedistinctionsbetweenbeerdrinkers
andnon-beerdrinkers,but not asclearlydefinedasin thefirst casestudy. Thesecondalgorithmwas
thenusedsuccessfullyto further identify spendingpatternsoncethis distinctionwasmade. In this
secondcasestudya deeperfactoranalysiscouldbe usedto identify a combinationof factorswhich
couldbeusedin thefirst algorithm.Thecasestudiesarediscussedin detail in Section8.

7.2 Latent Variable Models

Theinitial problemproposalsuggestedthat themethodof ProjectedLatentSpacescouldprove fruit-
ful in the first task,that is, in identifying a few factorswhich could differentiatebetweenconsumer
preferencesonaparticularproduct.In essencethismeansfindingthedominantfactorsthatareclosely
relatedto a particulardifferencebetweencustomers,while showing thattheremainingfactorsarenot
significant.Mathematically, we canview this astrying to representconsumerbehaviour in a low di-
mensionalspaceof factors. This ideais commonin many differentareasof application,with many
differentnames.In this sectionandthenext wegiveadiscussionof latentvariablesandrelatedmeth-
ods. Note that in the remainderof the reportwe show that this methodwasnot useful for the first
algorithmfor differentiatingbetweencustomerswith a few factors;however, we alsodiscusshow it
couldbeusefulin improving thesecondalgorithm.

The underlyingtaskis to modela setof 4 continuousvariablesãà¶ ³e°�¼T»�¾�¾�¾�»\°87M´ thathave some
joint probability density ë�³f°:96å�»�; ´ where å and ; are the meanand covarianceof the underlying
distribution. Theprimeheredenotesthetranspose.If for examplewe assumethatthecomponentsofã satisfya joint Gaussianprocessthen

ë�³e°:96å�»�; ´�¶�³ñÑ�<ì´ ú 7�= ½�> ; > ú ¼?= ½�@BADC � «Ñ ³e°E� å�´GFH; ú ¼ ³e°E� åì´ ¾ (7.1)

Since; is an 4JIK4 symmetricmatrixandå is an 4 componentcolumnvectorthereare

4 Ã 7
ÂL��¼

� ¶ «Ñ 4 ³M4 ÃæÖ�´ (7.2)

free parametersin this model. If we denoteN�OµÂ:P�QÂL��¼ as 3 observations(columns)of the 4 variables
(rows) thenby maximizingthelogarithmof thelikelihoodfunctioncorrespondingto (7.1)oneobtains
theusualmaximumlikelihoodestimates

Rå mle ¶ «3
Q
ÂS��¼ OµÂ�»

R; mle ¶ «3
Q
ÂL��¼ ³�O�ÂE�

Rå mlé�³�O�ÂT� Rå mléGFs¾
Note that the maximumlikelihoodestimator

R; mle is a biasedestimatorof the populationcovariance
matrix.

As 4 , the numberof factorsoneattemptsto model increases,expression(7.2) implies that the
numberof free parametersgrows as 4 ½ . To reducethe numberof free parametersonecould simply
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assumethat ; is diagonal.However, this is averydrasticassumptionsinceit is equivalentto assuming
that the variablesbeingmodelledareindependent.On the contrary, it is known from the datamine
that somevariablesarevery stronglycorrelated.Onepossibleway of reducingthe numberof free
parameterswhile still preservingthemaincorrelationsbetweenthevariousfactorsis to choosea set
of ÚU	,4 hiddenor latentvariables� ¶�N � ¼T»�¾�¾�¾#» �WV P .

For a given latentvariablemodelonespecifiesa densityfunction Xç³ � ´ for � andsomemapfrom
thelatentvariablesinto therandomvariables° as

°&¶Y�ì³ � »8Z ´�Ã�[
where Z arethe weightsthat generate° and [ is somerandomvariablewith zeromeanthat is inde-
pendentof � . Typically ��³![6´ , the probability densityof [ , and Xì³ � ´ arespecifiedà priori. Knowing
thesedistributions,thedensityof ã is computedby conditioningon thelatentvariablessothatif ã is
acontinuousrandomvariable,

¯Ü³f°N´�¶ ë�³e° > � ´GXç³ � ´�Î � ¾ (7.3)

In summary, a given latentvariablemethodis determinedby specifyingXç³ � ´ , �þ³![6´ , themap �ì³ � »\Z ´
andcomputinḡÜ³f°N´ with (7.3)or its generalizationdependingon theprobabilitymeasureinvolved.

Oneexampleof a latentvariablemethodis factoranalysiswhereonespecifiesthat � is a linear
map

°Ü¶Y�ì³ � »\Z ´ì¶ 0 � Ã å Ã][
from

V
to 7 . The å and

0
areparameters,and � , [ areassumedto beindependentnormalrandom

variableswith zeromean.For � oneassumesunit covariancewhile for [ oneassumesthatthecovari-
anceis a diagonalmatrix so that �_^ Ý ³ ·o»�`o´ , and [ ^ Ý ³ ·o»�a�´ where a is somediagonalmatrix.
From the structureof the maponecandeterminethat ã ^ Ý ³få�»�a Ã 0b0 F ´ . As in the casewithout
latentvariables,onemayestimateå ,

0
and a usinga maximumlikelihoodestimatehowever evenin

thecaseof this linearmodelthereis not a closedform for theestimatesandthey aretypically found
throughaniterativeprocess.

This linearmodelillustratesthepointof usinglatentvariables.In particularfor factoranalysis,the
symmetryof aYÃ 0b0 F reducestheoriginal Ú�4 freeparametersof

0
to [2]

³M4 Ã «�´�³�Ú Ã «#´ � «Ñ ÚH³ñÚÁÃ.«�´
which only grows linearly with 4 . This is accomplishedwhile still preservingsomeof theunderlying
correlationstructure.The trade-off is the increasein complexity whenfacedwith the determination
of the latentvariables� . We now turn to anothermethodcloselyrelatedto theprojectiononto latent
spaces7 (PLS).Namelyprincipalcomponentanalysis.

7In muchof thestatisticalliterature,thelatentspacemethodsareknown aspartial leastsquaresmethods.Fortunately
this yieldsthesamePLSmnemonic.
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7.3 Principal ComponentAnalysis

Principal componentanalysis(PCA) is the particular latent variablemethodwherethe Ú principal
componentsaretheleadingeigenvectorsof thesamplecovariancematrix

R;é¶ «3c� «
Q
ÂL��¼ ³�O�ÂE�

Rå�´�³�O�ÂE� Rå�´dFû¾
Ratherthan using the covariancematrix, an alternative choice(not usedhere) is to basePCA on
the correlation(basicallystandardizedcovariance)matrix. In eithercase,PCA canbe viewed asa
transformationthat diagonalizes

R; therebyreducingcorrelationsbetweenvariouscombinationsof
factorswhile simultaneouslyfinding directionsin which thevarianceis amaximum.

Anotherwayto view PCAis in themeansquarederrorsense[5]. With thisviewpoint,theobjective
is to find a setof Ú orthonormalbasisvectorthatspana Ú dimensionalsubspacesuchthat themean
squarederror between� and its projectiononto the subspaceis a minimum. As beforethe 4eIJ3
matrix ã correspondsto 3 observationsof 4 randomvariables.If onedenotestheorthonormalbasis
setas N�f�Â:P VÂL��¼ andtheprojectionof ã onto this setas ãDg thentheexpectedvalueof themeansquare
erroris

h �¤ãi� ãDgj� ½ ¶ h �¤ã]�
V
ÂL��¼ ³MfkFÂ ã�´!f�Â��

½

¶ h �¤ãl� ½ � h V
ÂL��¼ ³Mf FÂ ã�´

½

¶ ³M3�� «�´ Tr ³m; ´��
V
ÂL��¼ fnFÂ ;Ef�Â (7.4)

wherewe have assumed
h ³fã�´ ¶ · and ;�¶ ã ã FHo ³M3p��«�´ is the covarianceof ã . By the spectral

theoremevery symmetricmatrix ;.¶q; F hasa factorization;~¶�Åsr�Å F with r realdiagonaland Å
anorthogonalmatrix [8]. Consequently, ; has4 eigenvectorsthat canbechosento beorthonormal
andmoreover, all of thecorrespondingeigenvaluesN & Â:P arereal. Fromtheright handsideof expres-
sion (7.4) onecanseethat themeansquarederror is minimizedby choosingN�f�ÂtP to beany setof Ú
orthonormalvectors[3].

Representation(7.4) alsoillustratesthe particularadvantageof choosingthe first Ú eigenvectors
of ; . In this casethe residualof the meansquarederror is the sum of the absolutevaluesof the
remaining4u� Ú eigenvalues.Becauseof therelationship,anaturalmethodof choosingthenumberof
latentvariablesis to fix someacceptablelevel of error vxw3· andthenchooseÚ sothat

h �¤ã�� ãDgj� ½ ¶ 7
ÂL� V ý�¼

> & Â > 	yvN¾
It shouldbeemphasizedthattheseresultsonly hold if theerroris computedin themeansquaredsense.
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Figure 7.1: Illustratedare the componentsof a two factor PCA andSVD analysisfor a randomly
generatedset of 3 ¶ «�·�· points ³ � »�Ö
� � Ãz�_´ where � is uniformly distributed on the interval"�·o»µÖ # and � uniformly distributedon "{�Á·o¾fÒo»µ·o¾fÒ # . Since

h ³ � ´ ¶ h ³M�Ä´ ¶ Ö o Ñ6|¶ · , the PCA and
SVD analysisyield a different principal direction. For this simulation, f ¼PCA ¶ }G�Á·o¾f×�·�Ø�Ö�»µ·o¾f×�·�Ô�Ôj~
and f ¼SVD ¶�}ñ·o¾f×�Ô�×�Õo»µ·o¾fÙ�·�Ñ�Ôn~ . Theothercomplimentarycomponentsare f ½PCA ¶�} ·o¾�×�·�Ô�Ôo»µ·�¾�×�·�Ø�Öj~ andf ½SVD ¶�}!��·o¾fÙ�·�Ñ�Ôo»µ·o¾f×�Ô�×�Õn~ .
7.3.1 Contrasting PCA and SVD

Theabove materialshows thatPCA correspondsto choosingthe Ú dominanteigenvectorsof theco-
variancematrix ; . Providedonehas

h ³eã�´�¶ · this correspondsto finding thesingularvaluedecom-
position(SVD) of ã . To illuminatetheconnection,let ã ¶_��ä8â F betheSVD of ã where� and â are
unitarymatriceswith columnsthatspan 7 and Q respectively. Fromthedecompositionof ã and
thefactthat

h ³fã�´�¶.· , onehas;é¶æã�ã F o ³M3�� «�´�¶_�8ä�â F â ä F � F o ³M3�� «�´�¶_�8ä�ä F � F o ³M3��3«�´ . This
shouldbecomparedto theeigenvectorexpansionof ;æ¶ Å�r�Å F whereÅ is thematrixof orthonormal
eigenvectorsof ; and r is thecorrespondingdiagonalmatrixof eigenvalues.As aresult,onecaniden-
tify theeigenspaceÅ of ; with the left singularspace� of ã . In addition,thematrix of eigenvaluesr�¶ diag³ & ¼T»�¾�¾�¾�» & 7M´ correspondsto thematrix ä�ä F o ³M3�� «�´�¶ diag³�è ½ ¼ »�¾�¾�¾�»�è ½7 ´ o ³�3�� «�´ .

If onedoesnot ensurethat
h ³fã�´ ¶�· thenat leastthefirst componentof PCA andSVD indicate

differentprimary directions. Figure7.1 illustratesthis behaviour where ã�¶�} � »µÖ�� � ÃY�D~ with �
uniformly distributedon theinterval "�·o»µÖ # and� uniformly distributedon "{�R« o Ño»�« o Ñ # . In this casethe
first componentof thePCApointsin thedirectioncorrespondingto themaximumvarianceof thedata
cluster, }G�Y«�»o«�~ on� Ñ , whereasthefirst componentof theSVD pointsin thedirectionof thecentroidof
thecluster, }\«µ»o«�~ ok� Ñ .
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7.4 Difficulties with Latent Variables

Therearetwo disadvantagesof theseinitial modelswhenoneconsidersthemwith respectto thedata
mine. Firstly, thesemodelstypically indicatethatwhile theremaybeonly a few principaldirections,
thesedirectionsmay have significantweight in many of their components.This correspondsto the
situationwhereoneshouldasklarge numbersof questionsto determinewhich clusterto assignto a
given individual. In essence,this analysisdoesnot provide a naturalway to determinewhich of the
itemsis thebestindicator(or thebestfew indicators).

Secondly, onemustdealwith thediversecollectionof datain thedatamine.Responsesrangefrom
binary informationabouttheethnicityof an individual to continuousdataregardingthemarket value
of their dwelling. Thesetwo problemssuggestthata robustalgorithmis neededto gaina footholdon
thestructureof theminebeforeamoresophisticatedlatentvariableanalysisis attempted.

7.5 Determining the BestQuestion(s)

7.5.1 Factor Analysis asa First Look at the Mine

Factoranalysisis the meansby which we find the covariancerelationshipamongmany variablesin
termsof a few unobservable(or latent)variables.For example,if someoneownsaPorsche,wewould
suspectthat thepersonalsohasa high-payingjob, livesin anupperclassneighbourhood,hasa six-
figurestockportfolio anddinesathigh-classrestaurantsonaregularbasis.If wewereto labela latent
variablethatencompassesthesefour variables,wecouldlabelit quality of life.

In conductinga factoranalysis,thebasicmodelasdiscussedin Section7.2 is:

°&¶ 0 � Ã å Ã][T¾ (7.5)

° is the observed randomvector at 4 levels with a correspondingmeanvector å so that åHü is the
expectedvalueof °¤ü . Thevector� consistsof thecommonfactorsat ÚU	,4 levelsandthe 4�I Ú matrix0

is a matrix of coefficientsotherwiseknown asthefactorloadings.Theelement
0 ü Â is referredto as

theloadingof the � -th variableon the
�
-th factor. In theaboveexample,4 ¶3Ø and Ú ¶ « .

Themodel(7.5)canberewrittenas

°T� å ¶ 0 � Ã][ (7.6)

andin orderto haveanorthogonalfactormodel,thefollowing assumptionsaremade:

á�� and [ areindependentsothatCov ³ � »�[6´�¶.· ,
á h ³ � ´�¶~· andCov ³ � ´�¶�` ,
á h ³G[6´�¶~· andCov ³G[\´8¶_a whereaÐ¶ diag³M�_¼6»µ¾�¾�¾µ»8��7o´ .

Basedon theseassumptions,equation(7.6)yieldsanexpressionfor thecovarianceof ° ,
Cov ³f°N´�¶ 0b0 F ÃYaþ¾
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In particularfor thevariable°¤ü onehas,è ½ü ü ¶� ½üw¼ ÃéÛ�Û�Û�Ãi ½ü V ÃJ��ü where  üðÂ ¶ Cov ³f°¤üm» � Â#´ . Thesumof ½üw¼ through  ½ü V is calledthe � -th commonalitywhile ��ü is theuniquevariance.
Fromherewecandeterminewhichcommonfactorscontributethemostto thetotalvariability in °¤ü .

Theultimateobjectiveis to beableto groupthefactorloadingsfor any onefactorandattachsometype
of label to themaswe did with thePorscheexample. In particular, we areinterestedin the loadings
whichcarryasignificantamountof theweight.

Therearetwomainmethodsfor estimatingthefactorloadings:principalcomponentandmaximum
likelihood.Theformerusestheeigenvalue/eigenvectorpairsof thesamplecorrelationmatrix in order
to construct

0
. If � and [ canbeassumedtobenormallydistributed,thenmaximumlikelihoodmethods

canbeusedto estimatethecovariancematrixof ° andthus
0b0 F Ã]a .

In addition,if theinitial factorloadingscannotbeeasilyinterpreted,variousfactorrotationmeth-
odsexist to aid interpretation.Themostcommonmethodusedis theVarimaxmethodwhich seeksto
spreadout thesquaresof theloadingsoneachfactorasmuchaspossiblesothatthefactorloadingscan
begroupedmoreeasily. It shouldbenotedthatin recentyears,Bayesianfactoranalysishasarisen[6].
Oneof thefeaturesof theBayesianapproachis theeliminationof theneedto rotatefactors.Bayesian
factoranalysiswasnotattemptedin theanalysisof thedatamine.

7.5.2 Ranked Differ encesof Means

To dealwith the eclecticdatain the mine, the mostdirect methodof determiningwhich questions
seemto reflectthechoiceof an individualsproductpreferenceis to computetheobserveddifference
in meansacrossthegivenfactors.Moreover, this is easilyaccomplishedwhenthereis asimplechoice
betweentwo productsasin thecasestudiesthat follow. The ideacanalsobegeneralizedto thecase
whentherearemultipleproducts.

If only oneproductis underconsiderationthemine
0

is split into two groups,thoserespondents
that have the productandthoserespondentsthat do not have the product. Denotethesetwo groups
as
0 ¼ and

0 ½ consistingof 3 ¼ and 3 ½ ¶�3p�]3 ¼ rows (respondents).For eachof the 4 question
responses,onecomputestheteststatistic

� Â&¶ � ¼sÂE� � ½�Â
Í ½ ¼sÂ o 3 ¼�ÃéÍ ½½�Â o 3 ½ »

� ¶ «µ»�¾µ¾�¾�»84�¾
Using this statisticto classifythedatais basedon theneedto find factorswhich areimportantto all
of the respondents,yet at thesametime differentiatethe two groups. In termsof the solutionto the
normalequations,thosefactorswith a largevalueof � Â correspondto coefficientswhich arelargefor
bothgroups,but thepeaksin thegraphsof thecoefficientsoccurat significantlydifferentlocations.It
is preciselythis failure to differentiatebetweenthetwo groupsthatdemonstrateswhy latentvariable
methodsdonotwork easilyasafirst step.

Dueto thelargenumberof samples(3p� Ò�· ), the � Â areeachapproximatelynormallydistributed
with zeromeanandvarianceoneunderthenull hypothesisthatthereis nodifferencein meansbetween
the two groups. Orderingthe test statisticsfrom the most negative to the most positive inducesa
reorderingof thequestions.In this sense,onecanranktheindicatorsasto their ability to differentiate
thetwo populationswith respectto a givenproduct.Thefactorwith thelargestobservedvaluesof � Â
definethestartingpointsof theclusteranalysisandbecauseof this,theseparticularquestionsform the
first stepsinto thedataminewhen

0
is viewedin thelight of agivenproduct.
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Typically thenumberof questions,4 , canbelarge,andoneis likely to find somemeanswhichwill
appearsignificantlydifferentevenwhenno differencein meansexists. To analysethis situationlet �
bethenumberof theof questionswith a teststatisticthatlies in theinterval ³!��Í�»�Í�´ . If we assumefor
simplicity thatthequestionsareindependentthen � ^ Bin ³�4�»\¬ ´ where¬ ¶ Ñ�³6«2����³�Í�´6´ and ��³�Í�´ is
thenormalcdf. Thereforetheprobabilitythat �6�é¯ andtheexpectedvalueof � are

� ³����é¯�´�¶ «�� � ú ¼
ÂL��º

4 � ¬ Â ³6«�� ¬�´ 7 ú Â » h ³M��´�¶Y4Ä¬�¾
The casestudiesat the endof this reportuse 4 ¶ Ò�Ö datafactorscompiledfrom censusdata. For
this many factorsand Í ¶vÖ standarddeviations,onefinds that

� ³M��� «�´�¶ ·o¾�«�Ñ�Õ�Ô and
h ³�� ´�¶·o¾�«�Ö�×�Õ . Consequently, to eliminateany falsealarmdifferenceswehavechosento considerstatistically

significantlydifferencesat threeratherthanthecommontwo standarddeviationsfrom themeanunder
thenull hypothesis.

7.6 ConsumerBasedClustering

A simpledefinitionof classificationor clusteringis usinga metricor a setof ruleswhich groupsthe
data,andis alsousedto classifyfuturedata.For example,medicaldiseasesmaybeclassifiedby the
manifestingsymptomswhich in turndescribeeachclassor subclassof agivendisease.In dataclassi-
ficationonedevelopsadescriptionor modelfor eachclassin adatabase,basedon thefeaturespresent
in a setof class-labelledtrainingdata.Therehave beenmany dataclassificationmethodsstudied,in-
cludingdecision-treemethods,suchasC4.5algorithm,ID3 algorithm,andSLIQ algorithm,statistical
methods,neuralnetworks,roughsets,nearestneighbourmethod,database-orientedmethods,parallel
algorithms,etc. Themethodfor classificationis in generalapplicationdependent,basedon thegoal
of mining thedata.

In this paperwe have chosena relatively simplemetric to determinetheclusteringof thedata,in
particular, correlationsbetweendatacolumnscorrespondingto thedifferentquestions.Thechoiceof
the metric is basedon the underlyinggoal that the salespersonhasthe opportunityto learnabouta
customer’spreferencesby askingonly a few questions.Thismetricof clusteringthenindicateswhich
arethemostinformativedatathatonewouldliketo infer from thesefew questions.Thismetricis most
similar to anearest-neighbourtyperule,wheretwo of thecensusdataarenearwhenthey arestrongly
positively correlated.

Anotherreasonfor looking at this metric is that it is computationallyefficient. In orderto look
for morecomplicatedclassificationstructures,onecould considerclassification-rulelearningwhich
requiresfinding rulesor decisiontreesthatpartitionthegivendatainto predefinedclasses.Of course,
theremany possiblesuchdecisiontrees;for any realisticproblemdomainof the classification-rule
learning,thesetof possibledecisiontreesis too largeto besearchedexhaustively. In fact,thecompu-
tationalcomplexity of finding anoptimalclassificationdecisiontreeis NPhard.

Therefore,we have not attemptedto find anoptimaldecisiontree;rather, we have shown that the
correlationsgiveafastclassificationof themine,whichcanbereadilyusedin designingquestionsand
conversationswith customers.
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7.7 CaseStudy A: BMW/Honda

Thefirst casestudyconsideredBMW andHondaowners.GiventhecensusdataonBMW andHonda
ownersgroupedby postalcodethegoalis twofold:

1. Selecta few questionsto askprospectivebuyersto infer theirBMW/Hondapreference.

2. Basedupontheindicatedpreference,infer otherinformationabouttheconsumer.

For thefollowing analysistherearea total of 3 ¶ «�Ô�Ô�Ò respondentswhich arepartitionedinto 3 � ¶
«�×�Õ�Ñ Hondaownersand 3K�&¶ Ñ�«�Ö BMW owners.Correspondingto eachof thesegroupsare 4 ¶ Ò�Ö
censusdatafactors.Thoseportionsof thedatamine correspondingto HondaandBMW ownersare
referredto as

0 � and
0 � respectively. As a startingpoint,wecomputeaPCA on

0 � and
0 � .

7.7.1 PCA: BMW/Honda

Theeigenvaluestructureof ; � and ;2� , thecovariancematricesof
0 � and

0 � , arevirtually identical,
rangingfrom & ¼U5 Ñ�¾�ÙlI.«�· ¼ûº to & ß ( 5 Ùo¾f×�I.«�· ú ¼û½ . Figure7.2(a)illustratesthe logarithmof the
magnitudeof the N & Â:P . What is apparentfrom the illustration is that & ¼ - &�� accountfor muchof the
variationin themine. In fact � ÂL��¼�& Â

ß (ÂL��¼�& Â ¶3·o¾�Ô�Ô�Ô�Ùo¾
Correspondingto theseeigenvaluesareeigenvectorsfocusedin thedirectionof factors21to 24. These
questionscorrespondto the averagehomevalue,averagefamily income,averagehouseholdincome
andtotal householdexpenditure.At theotherendof thespectrum,& ß ½ and & ß ( have eigenvectorsthat
identify astrongcorrelationbetweenfactors32to 35. Theselatterindicatorscorrespondto theaverage
amountspenton public transportation,averagespenton streetcarsandbuses,averagespenton taxis
andaveragespenton airplanes.

Thispreliminaryanalysisindicatesthatquestionsthatreflectthetotal incomeandexpenditureof a
particularhouseholdshouldbegoodindicatorsof whetheror notanindividualownsaBMW or Honda.
In addition,thereis a certainamountof redundantinformationin thedataminewith respectto public
transportation.Themaindifficulty with PCAremainsin thatit doesnot identify asinglequestionthat
bestidentifiesBMW ownersover Hondaowners.Someheadway canbemadeby computinga factor
analysiswhich is attemptednext.

7.7.2 A Preliminary Factor Analysis

In order to conducta factoranalysis,the datawasagainsplit into
0 � and

0 � accordingto whether
thevehicleownedby therespondentwasaBMW or Honda.Bothprincipalcomponentandmaximum
likelihoodmethodswereusedwith threefactors.However, theprincipalcomponentmethodaccounted
for moreof thevariability thanthemaximumlikelihoodmethod.Varimaxrotationwasusedin both
methods.Table7.1summarizestheanalysis.

As canbeseenfrom theresults,thesamevariablescontributedto whethera personwould own a
BMW or aHondawith somevariations.For example,underFactor3, averagehomevaluecontributes
moreto a personbeinga BMW ownerthana Hondaowner. Thepercentageof variability in vehicle
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(a) (b)

Figure7.2: (a) Depictedaretheeigenvaluesfor ; � and ;2� , thecovariancematricesfor the
0 � and

0 �
subsetsrespectively. The similar spectralstructurefor the BMW andHondacovariancetypifies the
difficulty encounteredwhenattemptingto find differencesbetweenthesetwo groups.(b) Displayedis
therankedteststatisticfor thedifferenceof meansfor eachof the53factors.Thedashedlinesindicate
the level of threestandarddeviationsandthe reorderingof the factorsis indicatedat thebaseof the
plot.

ownershipexplainedby the completemodel is approximatelythe samefor both: 60.7%for BMW
and 59.3%for Honda. Furtheranalysistools, suchas discriminantanalysisor tree regressioncan
be usedto determinewhich of thesevariablesdistinguishbetweenBMW andHondaowners. The
mainconclusionis that theprincipal factorsarestronglypositively correlatedandtheanti-correlated
componentsaresmall.

Thefactoranalysisidentifiesa block of questionsthatdifferentiatesthetwo groups.Furtheriden-
tification is possibleby consideringthedifferenceof meansacrossthe53 factors.

7.7.3 Differ enceof Means: BMW/Honda

Figure7.2(b)shows theorderedteststatisticsfor eachof the 43¶àÒ�Ö factors.Detailedexplanations
for all of thecensusdatacanbefoundin theappendixat theendof this report.Thisorderinginduces
a reorderingof thefactorsto N�Ñ�«µ»µÕo»�Ñ�Öo»µÑ�Ñ�»µÑ�Øo»o«#·o»�¾�¾�¾6»o«�Õo»µ×nP , with factor21 having themostnegative
andquestion7 having themostpositive teststatistic. This analysisalsoindicatesthatany questions
relatedto 21, 8, 23, 22, 24, 10 areequallyefficient at identifying BMW ownerswhile factor7 can
beusedto identify Hondaowners.Factors21-24correspondto averagehomevalue,averageannual
family income,averageannualhouseholdincome,andannualhouseholdtotal expenditure,8 reflects
thepercentageof individualsin adwelling with a universityeducation,10 indicatesself employment,
7 indicatesthe percentageof thosesubjectsin a dwelling with only up to gradenine educationand
question18 identifiesthoseindividualsliving in dwellingswith morethanfivestories.Theseinitially
identifiedfactorscannow usedasstartingpointsfor aclusteranalysis.Noticethatmany of thesedata
itemsappearin thepreliminaryfactoranalysis.

Being ableto identify a particularindividual asa BMW or Hondaowner is an importantfactor
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LoadingvaluesFactor1
BMW Honda

Total adultpopulation 0.996 0.997
Total population 0.995 0.997
Total numberof households 0.995 0.991
Total adultlabourforce 0.994 0.995
Total numberof families 0.993 0.996
Total numberof dwellingunits 0.993 0.989

LoadingvaluesFactor3
BMW Honda

Ave. homevalue 0.749 0.579
% self-empl.inc. 0.735 0.580
% univ. degree 0.694 0.714

LoadingvaluesFactor2
BMW Honda

% homeowners 0.922 0.939
% single-detachedhouse 0.861 0.772
Averageowners’majorpayments 0.794 0.859
% homerenters -0.924 -0.928
% apartmentwith �.Ò floors -0.746 -0.806
Averagegrossrent -0.698 -0.759

Variability explainedFactor
BMW Honda

Factor1 28.8% 28.5%
Factor2 20.7% 22.3%
Factor3 11.2% 8.5%
Total 60.7% 59.3%

Table7.1: Listedarethethreefactorsidentifiedin theBMW/Hondadatasampleandthecorresponding
loadings.Thefinal tableshowsthatthesethreefactorsaccountfor approximately60%of theobserved
variability.

for theclusteranalysisthat follows. To differentiatewe choosequestion21, theaveragehomevalue.
We can usethe datamine to determinethe particularhousevalue that shouldbe usedas a cutoff
valueto correctlyidentify themaximumnumberof individuals.Thatis, determine� suchthat

� ³G�c	� and �6w � ´ is amaximumwhere� and � aretheresponsesto question21for theHondaandBMW
owners.Figure7.3(a)shows that this probabilityhasa maximumof 0.41for � chosenin theinterval
($230K,$240K).This procedureof choosingan optimal cutoff valuefrom the probability structure
encodedin theminecanberepeatedfor otherquestionsto increasethedifferentiatingpower.

Detecteddifferencesin the meanresponsecan be quite subtle. As an illustration of this, Fig-
ure7.3(b)contraststheprobabilitydistributionsof theresponseto question21 andquestion7 for the
two groups.For the clusteranalysisthat follows, the first six, 21, 8, 23, 22, 24, 10, andthe last six
factors,48, 26, 4, 20, 18, 7, areusedto definethe initial clusters.By doing this it is hopedthat the
clusteranalysiswill beableto identify sequencesof questionsthatlink theHondagroupto theBMW
group.This in turnmayhelpidentify characteristicsof prospectiveBMW owners.

7.7.4 Cluster Analysis: BMW/Honda

A clusteranalysiswasperformedfor two caseswith correlationsat the60%and75%level indicated.
The first analysiswasperformedby consideringonly the BMW ownerswhile the secondanalysis
consideredthecompletedatamine.As thenumberof Hondaownerswasmuchlargerthanthenumber
of BMW owners,a clusteranalysisof only Hondaownersmatchesthat obtainedwhen using the
completedatamine.Figure7.4summarizestheresults.
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(a) (b)

Figure7.3: (a)Probabilityof correctlyidentifyingHondaandBMW simultaneouslyfor agivenknown
homevalue. This distribution hasan extremevalueof 0.41for the interval ($230K,$240K).At this
cutoff valuetheprobabilityof correctlyidentifyingaHondaowneris 999/1782(56%)andthatof iden-
tifying theBMW owneris 156/213(73%). (b) On the left is theprobabilitydistribution of responses
to question21 (averagehomevalue).To theright is theprobabilitydistributionto factor7 (percentage
of householdwith lessthana gradenineeducation).Thesefactorsyield themostnegative andmost
positivevaluesof � Â respectively.

What is immediatelyapparentis thegreaterresolutiononecanachieve in thedataminewith the
BMW group. On the left handsideof eachclusterdiagramare thosequestionsidentifiedwith the
mostnegative teststatistic( Ã BMW) andon theright arethosequestionscorrespondingto themost
positive test statistic ( � BMW). Thosetraits that identify BMW ownersare householdvalue and
income,universityeducationandself employment.Characteristicsthatdirectly stemfrom thesetraits
aredonationsto charity, amountspenton public transportationandamountspenton personalcare.
Fromtheotherendof thedatamine, individualsthatdo not own a BMW arecharacterizedaseither
rentersor having lessthanagradenineeducation.A link betweentherentersandthosewith expensive
homesis thenumberof carsperhouseholdandthesubsequentexpenditureontires,gasoline,foodand
transportation.

This clusteranalysisimplies that therearemany possibleways to identify a BMW owner. For
example,universityeducatedindividualsthatdo not rentandoutwardly appearto spenda greatdeal
on personalcare.Onceidentified,thecharacteristicsof this groupcouldbetargetedfor abroadrange
of productsor servicesthat lie within the identifiedcommoninterests.Examplesof theseinterests
includecosmetics,expensive tires,andperhapsevenendowmentsto universities.

Whenweconsidertheentireminethereis alossof resolutionbut muchof thestructureremains.In
addition,othercharacteristicscometo theforefront.Two new characteristicsareastrongercorrelation
with theamountspenton computersthelossof thecorrelationwith public transportation.A possible
implicationhereis thatHondaownerswith anexpensivehomemaybedifferentiatedfrom BMW own-
ersby theamountthatthey spendonairlines.Againwepointout thatbeingableto accuratelyclassify
anindividual is animportantfirst stepin thattheclusteringreflectsthisbias.However, mis-identifying
anindividualdoesnothaveasseriousaconsequenceasonemightfirst expect.Theclusteringanalysis
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Figure7.4: To the left are the dataclustersconsideringonly the BMW groupwhile to the right is
the thesameanalysisconsideringthe completedatamine. On the Ã sideof eachfigure, the factors
arelargeror morelikely for BMW owners,while the � sideof eachfigure thefactorsaresmalleror
lesslikely for BMW ownership.Cutoffs at 60%and75%in thecorrelationlevel (eitherpositively or
negatively) areindicated.Explanationsfor all of thedatafactorscanbefoundat theendof thereport.

Figure7.5: Theclassificationtreestructurefor thebeerpreferencerespondents.

supportsthisby illustratingthatmuchof thestructureis preservedwhenmoving from BMW to Honda
owners.To contrastwith theBMW/Hondadata,thesecondcasestudyconsidersconsumerpreference
of two brandsof domesticbeer.

7.8 CaseStudy B: Beer Preference

Our secondcasestudyaddressesbeerpreferencesamongsta sampleof 707 individuals. Eachindi-
vidual wasaskedto indicatetheir preferencefor two differentbrandsof beer(BrandA andBrandB)
accordingto thefour pointscale:

0: Don’t drink
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(a) (b)

Figure7.6: (a) Eigenvaluesfor ;2� and ;�¼ , thecovariancematricesfor the
0 � and

0 ¼ subsetsrespec-
tively. (b) Rankedteststatisticfor thedifferenceof meansfor eachof the53 factorsfrom thecensus
data. As in Figure7.2(b), the dashedlines indicatethe level of threestandarddeviationsand the
reorderingof thefactorsis indicatedat thebaseof theplot.

1: Tried in thepast12months

2: Becomingusual

3: Usualbrand.

As no respondentsindicatedthat eitherbrandwas their usualbrand,the responsesbroke into nine
separateclassifications.Figure7.5 shows the resultingtreestructureandthe four groupsinto which
theindividualswereplaced.GroupI essentiallyconsistsof non-drinkers,groupII andIII tendto prefer
brandsA andB respectively, andgroupIV respondentsstronglypreferbothbrands.

7.8.1 Differ enceof Means: Beer

No significantdifferencesweredetectedin a directcomparisonof groupsII andIII sinceall of the � Â
statisticswerelocatedwithin two standarddeviations. Large scoresweredetectedwhencomparing
groupsI and IV but sincegroup IV consistedof only five individuals our underlyingassumptions
of normality were no longer valid. Sincethe 53 characteristicsdo not seemto be able to clearly
differentiatethe two brandsof beer, it wasmoreappropriatewith this dataset to comparedrinkers
of bothbrandsversusthoseindividualsthatdo not drink eitherbrand.As such,groupsII, III andIV
wereconsolidatedinto a singlegroupwhich wasthencomparedto groupI. Theportionsof thedata
mineconcerningthesetwo groupswill bereferredto as

0 � and
0 ¼ . Figure7.6 illustratesthespectral

structureof thesetwo classificationsanddistributionof thedifferenceof means.
ComparingFigure 7.6(a)with Figure 7.2(a) illustratesa striking similarity with the eigenvalue

distribution of thebeerdataandthecardataof thepreviousstudy. This similarity is alsoreflectedin
thepreliminaryfactoranalysiswhich hasbeenomittedbecauseof its similarity to the BMW/Honda
analysis.Eventhoughtheeigenvaluestructurewassimilar, noneof theteststatisticslie outsideof the
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Figure7.7: Illustratedis theclusteranalysisfor beerdrinkers.Thecorrelationcutoff wassetat 50%.
Solid lines representpositive correlationsanddashedlines representnegative correlations. On the
left of the arethoseindicatorswhosemeanresponsefor beerdrinkerswashigherthanfor non beer
drinkers.

threestandarddeviations.Despitethis,we begin theclusteranalysisstartingwith factors50,7, 48 on
thedrink beersideof thedatamineandfactors27and14on thedon’t drink beersideof themine.

7.8.2 Cluster Analysis: BeerPreference

We againremindthereaderthata full explanationof eachof thefactorsfrom thecensusdatacanbe
found in theappendix.Correlationsbetweenthestartingfactors7, 14, 27, 48, 50 andtheremaining
questionsweredetectedoncethecutoff level wasdroppedto 50%. This reductionin thecutoff level
wasexpectedgiven the lack of significantdifferencesdetectedin the previous section. Figure7.7
summarizesthe resultsand illustratesthat respondentsthat prefer thesebrandsseemto fall along
ethniclines. The analysisalsoindicatesthat beerdrinkersarecharacterizedby individualsthat rent
ratherthanliving in a singledetachedhouse.However, with this collectionof 53 factorstherewasno
additionalproductinformationthatcouldbecorrelatedwith theseindividuals.

Without a clear indication of questionsthat differentiatebetweenbeer drinkers and non beer
drinkers,at leastfor thesetwo brandsof beers,we do not attemptto correlateothercharacteristics.
Clearly, someadditionalanalysisis necessaryto improvethefirst partof theanalysis,namely, making
distinctionsaccordingto a particularproductpreference.Sincethedifferencein meansis not signif-
icantly large for any onefactor, this suggeststhata combinationof questionswould be necessaryto
make a significantdistinction. As mentionedabove, a factoranalysishasnot beendonefor this data
set;however, onecouldusethisanalysisto designacombinationof afew questionsasafirst algorithm
for differentiatingbetweenconsumers.
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7.9 Conclusion

For a givenproducttwo taskswererequired.The first beingidentificationof consumersthat would
reactfavourablyto productandthesecondbeingtheinferenceof othercharacteristicsconcerningthese
consumers.

This wasaccomplishedwith a twofold strategy. By ranking the differenceof meansacrossall
of the factors,thosequestionsthat bestcharacterizefavourableconsumerscanbe identified. Once
identified, the datamine canbe usedto estimatethe power of a given strategy to correctly identify
a given individual. For casestudyA the identificationalgorithmwassimply to usean individuals
homevalue. By optimizing the cutoff level this singlevariablewasable to correctly identify 41%
of the individuals in the datamine. By usinga combinationof questionsthis percentagecould be
increased.Performinga clusteranalysisthat is rootedat thesekey identifying questionsallows other
characteristicsof theseconsumersto beinferred.

The two casestudiesshow that being able to identify questionsthat significantly differentiate
respondentswith respectto a givenproductis a fundamentalpartof theprocess.Failureto make this
identificationdecreasestheresolutionof thesubsequentclusteranalysis.CasestudyA exemplifiesthe
situationwhenthereis aclearseparationwith respectto aproductwhereascasestudyB illustratesthe
decreasein resolutionwhenno clearseparationexists. In general,this first stepmaybedependenton
thetypeof dataandthedesireddifferentiations.A combinationof factoranalysisandtheconsideration
of differencesin basictest statisticsproved to be superiorto methodsbasedon latent variablesor
principalcomponents,dueto theunderlyingeigenstructureof thedatamine.

To increasethe capability of this methodfuture advancesshould include a more sophisticated
clusteringalgorithm.For example,PLS/SVDcouldbeusedon theclusteringsubgroupsafterthefirst
stepof separatingwith thedifferenceof themeansstatistic.An addition,automaticdeterminationof
theidentificationpower for agivensetof identifyingquestionsshouldalsobeaddressed.
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Appendix: Factors fr om CensusData

Question Description Mnemonic

01 Totalpopulation PP-TOT
02 Totalnumberof families FM-TOT

Household
03 Totalnumberof households HH-TOT
04 Averagegrossrent HH-TOTRENT
05 Averageowner’smajorpayments HH-TOTMAPJ

Education
06 Totalpopulation15 yearsold andover ED-HL
07 Percenteducationlevel: lessthangrade9 ED-GR-9
08 Percenteducationlevel: universitywith bachelor’s degreeor higher ED-UNIDG

Employment
09 Total labourforce15yearsold andover EM-TOT
10 Percentemployment:self-employed(incorporated) EM-PSMI
11 Percentemployment:self-employed(unincorporated) EM-PSMU
12 Percentemployment:unpaidfamily workers EM-UP

Dwelling
13 Totalnumberof dwelling units DM-TOT
14 Percent:dwelling type: single-detachedhouse DW-SINGLE
15 Percent:dwelling: semi-detachedhouse DW-SEMI
16 Percent:dwelling type: town house DW-ROW
17 Percent:dwelling type: apartment,detachedduplex DW-DUP
18 Percent:dwelling: apartmentbuilding, fiveor morestoreys DW-APT5
19 Percent:homeowners DW-OWNED
20 Percent:homerenters DW-RENTED
21 Averagehomevalue DW-TVALUE

Income
22 Annualaveragefamily income IN-AFM
23 Annualaveragehouseholdincome IN-AHH

Expenditures
24 Annualhouseholdtotal expenditure D1000-5230
25 Annualexpenditureon food D1000-1560
26 Annualexpenditureon rent D2000
27 Annualexpenditureon transportation D3000-3260
28 Annualexpenditureonpurchaseof automobilesandtrucks D3000-3004
29 Annualexpenditureonautomobiles D3000
30 Annualexpenditureongasolineandotherfuels D3050
31 Annualexpenditureon tires,batteries,partsandsupplies D3060
32 Annualexpenditureonbus,subway, streetcarandtrain D3200
33 Annualexpenditureonpublic transportation D3200-3260
34 Annualexpenditureon taxi D3210
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35 Annualexpenditureon airplane D3220
36 Annualexpenditureon moving, storageanddeliveryservices D3260
37 Annualexpenditureon accidentanddisability insurance D3384
38 Annualexpenditureon personalcare D3500-3580
39 Annualexpenditureon recreationequipmentandservices D3700-3830
40 Annualexpenditureon computerhardware D3750-3752
41 Annualexpenditureon computersoftware D3755
42 Annualexpenditureon gifts of money andcontributions D5200-5230
43 Annualexpenditureon gifts to personsliving outsideCanada D5210
44 Annualexpenditureon contributionsto charity D5220-5230
45 Annualexpenditureon non-religiouscharitableorganizations D5230
46 Averagenumberof vehiclesownedperhousehold NMVEHONP

Ethnicity
47 Percentethnicity: British BRITISH
48 Percentethnicity: Chinese CHINESE
49 Percentethnicity: Dutch DUTCH
50 Percentethnicity: German GERMAN
51 Percentethnicity: Italian ITALIAN
52 Percentethnicity: Polish POLISH
53 Percentethnicity: Scandinavian SCANDINAV
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